
D .W And you think your films, or others like them that 
might be produced, would be of value to students who are 
not going to be geometers, who are not going to be 
mathematicians or scientists? 

C G Yes, sure. The fact that these things are beautiful is 
indicating that there is another dimension to geometry than 
proof and definition and axiomatics What there is as well is 
a realm of sensitivity You are giving general education to 
people when they sense that ballet is a universe where 
geometry has a place, and where they see geometry where 
ballet has a place Well, you can see that these entities 
which are capable of being generated one from the other, 
relating one to another, are giving you nourishment for your 
imagination, and you can spill out into any field because 
you have been prepared as a proper geometer of this kind 
Whereas if you have been put into a straitjacket and only 
used as a machine, then a machine can do it, you don't have 
to do it [4] 

Notes 

[l] The scenario for "The Foundations of Geometry is based on unpub
lished notes written by Gustave Choquet and incorporated in a cur
riculum proposal submitted by the Academy of Sciences to the Minis
try of Education in France 

[2] "Animated Geometry' are 1-3 minute, silent, black-and-white ani
mated films devised and produced in the 1950 ·s by J L Nicolet A 
number of these films have been revised, computer-animated, and 
reissued in colour by Educational Solutions Inc , 80 Fifth Avenue, 
New York, NY 10011, US A 

[3] The label ·Thales theorem· is attached to different geometrical results 
in different countries. In France it is applied to: "A line parallel to a 
side of a triangle divides the other two sides in the same proportion'' 

[4] The film "Foundation of Geometry· is silent, in colour, and has a 
duration of 16% minutes. The computer animation was carried out by 
Serge Chicoine and Andre Fourrier of the University of Montreal 
Enquiries about the availability of the film should be addressed to 
Educational Solutions Inc 

Students' Errors in the Mathematical Learning Process: 
a Survey* 
HENDRIK RADATZ 

Student's errors in mathematics education are not simply a 
result of ignorance and situational accidents Most student 
mistakes are not due to unsureness, carelessness, or unique 
situational conditions, as was assumed at the beginnings of 
the behaviouristic theo1y of education Rathe1, student e1-
rors are the result or the product of previous experience in 
the mathematics classroom According to the present state 
of error research, student e1101 s 
• are causally determined, and very often systematic; 
• are persistent and will last fo1 several school years, unless 

the teacher intervenes pedagogically; 
• can be analyzed and desc1ibed as erro1 techniques; 
•can be derived, as to theiI causes, from ce1tain difficulties 

expe1ienced by students while receiving and processing 
info1mation in the mathematical lea1ning process, 01 from 
effects of the interaction of variables acting on mathema
tics education (teacher, cu11iculum, student, academic 
environment, etc.) 

Student errors "illustrate" individual difficulties; they 
show that the student has failed to understand or grasp cer
tain concepts, techniques, problems, etc., in a ''scientific'' 
or "adult" manner. Analyzing student errors may reveal the 
faulty problem-solving process and provide info1mation on 
the understanding of and the attitudes toward mathematical 
problems .. 

From this perspective, e1ro1 analysis gains impo1tance in 
two respects First, with regard to the requirements of 

* Translated by Gtinter Seib 

academic p1actice, as an oppo1tunity to diagnose learning 
difficulties, as a method of developing criteria for differen
tiating mathematical education, and as a means to create 
more awareness and suppo1t for the pe1formance and under
standing of individual students. Second, error analysis 
seems to be a remarkable starting point for research on the 
mathematical teaching-lea1ning p1ocess E1ro1 analysis 
must be considered a promising research strategy for 
clarifying some fundamental questions of mathematics 
learning 

The following is an attempt to give a brief historical 
swvey. Of course this enumeration will not be exhaustive, 
nor will evaluation be free of a certain subjectivity (See 
Table on next page) 

E1ror analysis in mathematical education has a long 
history, and is characterized by very different approaches 
and interests, which were shaped both by the contemporary 
mainstream of the sciences concerned, pedagogy and 
psychology, and by the objectives and forms of organization 
determined by the respective educational policies 

Three focal points and tendencies can be discerned: 
I Arithmetic constitutes the dominating subject matter ar·ea 
for the majority of the studies It is only after the recent 
incisive refo1m conce1ning the content of mathematical cur-
1icula that research interest has extended to othe1 topics of 
mathematical education. 
2 Error theory was developed in Germany sporadically, 
with great intervals in between, and with little continuity, as 
opposed to its development in the U.S , for instance 
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3 There is a pluralism of theoretical approaches to and 
explanatory attempts about the causes of student errors in 
the mathematical leaining process, while error techniques in 
certain subject matter areas (e g written calculation 
methods within the set NJ can be very succinctly described 

It is remarkable that studies seldom extend beyond the 
national horizon None of the American publications quotes 
a German study, and the converse is almost equally true 

The great German interest in error analysis during the 
twenties must be understood, on the one hand, as due to the 
increasing importance of empirical-scientific pedagogy, 
which made use of the insights of experimental psychology, 
and which mostly ousted philosophical pedagogy from its 
former predominant role after W01ld War I On the othe1 
hand, a reform program began to take effect at that time 
which advocated fostering individuality, adapting all educa-

Table: Overview of accessible publications on errors in mathematical education 

GERMAN ANGLO-AMERICAN 
PUBLICATIONS PUBLICATIONS 

Ranschbrng 1904, 1916 Phelps 1913 
Hylla 1916 Gist 1917, Uhl 1917, Counts 1917 

Thorndike 1917 

1920 Weimer 22, 23 
Kief3ling 25, Korn 26 Osburn 24, Myern 24 
Weimer 25, 26; Rose 28; Buswell 25, 26 
Seemann 29; Kief3ling 28, 29; 
Weimer 29; Fettweis 29 

Bmeckner 30 

1930 Seemann 31; Weimer 31; 
Kief3ling 32 Bmge 32 
Kief3ling 34 Bmeckner 35 

Schonell 37, Williams 37 
Weimer 39 Grossnickel 39 

' 
1940 Holland42 

Seemann 49 

1950 Bmeckner 55 
Schonell 57 

Schaffrnth 59 
Monsheimer 60; Kief3ling 60 

1960 Rose 61 
Schaffrath 64 
Krueger 65 Harvey 65 

Schacht 67 
Schlaak 68 Smith 68; Roberts 68 

1970 Gluck 71 West 71; Ca1man 71; Ashlock 72; 
Baumgarten 72; fake! 72 Reisman 72; Lankford 72; Ellis 72; 

Erlwanger73, Baxter 73; Cox 73; Kane 
74, Cox 75; Dodd 75; Engelhardt 75; 

Pippig 75 Crawford 75; Hucherson 75; Blanken-
ship 76; Ashlock 76; Brnrows 76; 

Pippig 77; Radatz 77, Andelfinger 77; Lietke 76; Robitaille 76; Brown 77; 
Bi1khan 78; Wiegard 78 Ginsburg 77; Grabner 77, Engelhard 
Radatz 79 77; Davis 78; Kent 78; Hopkins 78; 

lamsen 78 
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tional work to the child and his/her characteristics, and to 
the child's respective stage of development. On the part of 
psychology, the influence of three schools of thought can be 
recognized: psycho-analysis, Gestalt theory, and the so
called psychology of trunking (Denkpsychologie) These 
headings, however, subsume very complex and internally 
inconsistent theories Freud, in particular, stressed error 
analysis as an epistemological method in his early lectures 

In Germany, Weimer is considered the founder of didac
tically oriented error research His objective was to estab
lish an error pattern in order to explain individual mistakes 
for all educational subjects and all age groups In doing so, 
he distinguished, under the overall concept of "wrong" 
("das Falsche"), between mistake (Irrtum), falsification 
(Falschung), and errors (Pehler) Weimer grouped errors in 
five categories (familiarity errors, perseverance errors, 
similarity ertors, mixed errors, and errors due to emotion or 
volition), making allowance for psycho-analytical insights 
in doing so 

Following Weimer, Seemann was less concerned with the 
diagnosis of poor individual performance and with develop
ing suitable aids than with providing a psychological found
ation for a didactical method tor teaching mathematics For 
him, mathematics errors were not the result of change, but 
phenomena arising fi:um laws which were being created by 
a wiong combination of determining tendencies, the so
called "principle of least effort" having a dominating role 
in this For arithmetic, Seemann distinguished three groups 
of errors: mechanical errors, associative errors, and fllnc
tional errors 

KieBling was predominantly concerned with so-called 
error-proneness (Fehlsamkeit) as a personal disposition for 
mistakes, and with theories of error assessment and error 
prevention While Fettweis pointed out errors in algebra, 
Rose attempted to establish a classification of the causes of 
error in mathematical education (inattention, ignorance of 
rules, confusion of concepts, and inability to recognize the 
characteristic featmes of a mathematical problem) 

This development of error analysis was abruptly curtailed 
in 1933 by the Nazis seizing power, as they were opposed to 
the individualistic foundation of the prevailing educational 
system, and considered mathematics less important as com
pared to other subjects, which seemed better suited to pro
mote the Nazi educational aims 

During the last decades, it has been difficult to discern 
systematic research on error theory in mathematical educa
tion .. Accessible publications are either reprints of dated 
work [Seemann, Rose, Monsheimer-Tiirpitz], short surveys 
in handbooks and pedagogical encyclopedias [Knabe, 
KieBling, Kirchhof], or produced as by-products from other 
efforts [Kriiger, Schlaak, Gliick, Grissemann, Schaffrath]. 

Upon analyzing performance tests in solving text prob
lems, Schlaak has observed certain focal points of error: 
inadequate understanding of texts, incorrect number deter
mination, etc Grissmann, in his study on legasthenia and 
calculation performance, has pointed out some causal factors 
in calculation problems, as they can be derived from the 
casuistic-phenomenological research literature 'The studies 
of Schaffrath, Kriiger, and Gliick are essentially preparatory 
work for diagnostic calculation tests, Gliick treating so-
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called calculation errors at length. Upon analyzing perfor
mance in calculation toward the end of the second form, he 
was able to distinguish five error types: changes of opera
tion, additive or multiplicative proximity, part results, first 
digit only correct, and copying errors 

Two important studies continuing this discussion ar·e 
those of Pippig In his publication on calculation deficien
cies and how to overcome them from a psychological pers
pective, Pippig considers those errors having their cause 
primarily in the psychological mechanisms of the imitative 
process. Pippig considers efforts directed at studying the 
calculation errors of students especially important as the 
ability to solve formal problems is a necessary, but not 
sufficient, condition for higher achievement in mathemati
cal education In his contribution to overcoming thinking 
errors, Pippig treats the errors and difficulties encountered 
when working at text problems He describes causes of 
error in the different stages of the solution process 

Birkhan has used the analysis of mathematics students' 
errors as a tool of cognitive psychology, with the conceptual 
system of information processing theory as a backdrop 
Radatz is concerned with pointing out the logical and regu
lar character of most mistakes in mathematical education, 
and with the attempt to regroup error causes across indi
vidual mathematics content areas according to certain as
pects of receiving and processing information by students 

In the USSR, a number of questions and problems were 
raised by the fundamental change of school structure and 
the related cunicula reform at the beginning of the sixties 
These problems led to manifold pedagogical-didactical re
search efforts. Among these, analyzing student errors or 
individual academic learning difficulties are the favoured 
methods to win new knowledge pertaining to mathematics
specific abilities, and to aspects of the mathematics 
teaching-learning process The theoretical background is 
furnished by the statements of Marxist psychology 
Unfortunately, the major part of these Soviet studies was 
made accessible in the shape of translations into English 
only within recent years As examples for this, we should 
like to mention the studies by Kuzmitskaya and Menchins
kaya Kuzmitskaya has determined four error causes in the 
study of difficulties encountered by slightly retarded chil
dren in the attempt to solve mathematical problems: insuffi
cient short-term memory, insufficient understanding of the 
problem conditions, errors due to lack of command of oral 
calculation rules, and incorrect use of the four basic opera
tions Menchinskaya stresses the regular character of stu
dent errors in mathematics education, and emphasizes the 
complexity of the processes of potential causes of error She 
names four causal areas, which cannot be distinctly sepa
rated fium one another: 
- errors due to incorrect implementation of an operation; 
- errors due to insufficient quality of conceptual under-

standing; 
- mechanical errors due to lack of interest 01 to diversion; 
- errors due to application of inappropriate rules or al-

gorithms 
The very long tradition of error analysis in mathematics 

education research in the U.S is evident in Buswell's 
[ 1925] monograph quoting 31 studies already existing at 



that time which explicitly deal with arithmetical eIIors 
Among these Uhl's study [1917) is especially impmtant, as 
the latter, for the first time, supplemented the analysis of 
written exercises by classroom obse1vat:ions and diagnostic 
inte1views in order to analyze e1ror techniques and error 
causes. By means of this multi-level research method, 
Buswell was able to identify a multitude of eIIor types in the 
fom basic types of calculation .. Continuing these studies, 
Brneckner and Bwge attempted to typify enm techniques 
As to content, the American studies of that time were al
most exclusively concerned with errors and difficulties en
countered in the four written calculation methods within the 
quantity of natural numbers (the "fom rules") Research 
interest focused on five objectives: 
1 Listing all potential error techniques; 
2 Determining the frequency distribution of these eIIor 

techniques across age groups; 
3 Analyzing special difficulties, particularly encountered 

when doing written division, and when operating with 
zero; 

4 Determining the persistence of individual e1101 tech
niques; 

5 Attempting to classify and group errors [see Gross-
nickel, Holland, Buswell, Schonell, Brneckner et al) 

These approaches were continued, dming recent years, by 
the studies of Roberts, Lankford, Engelhard, and particu
larly Cox, which also served to formulate their statements 
more precisely 

A further group of American contributions to this topic is 
essentially concerned with the opportunities for error 
analysis ottered to the mathematics teacher, with curriculai 
and methodological activities adapted to these, and with 
tests of the efficiency of special training programs aimed at 
reducing enm frequency Related to these are efforts to 
sensitize teachers for so-called "diagnostic teaching of 
mathematics'', in which analysis of student errors plays an 
impmtant role [Ashlock, Reisman, Robitaille], or to inform 
them of this method A third research orientation may be 
seen in Erlwanger's or Ginsburg's attempts to use error 
analysis as a method of investigating basic stiuctures in the 
mathematical teaching-leaining process In this, they are 
strongly influenced by Piaget's methods, as their studies are 
predominantly based on diagnostic talks and interviews, 
and on analyzing individual cases For Erlwanger, Gins
burg, and others, most student errors are not of an acciden
tal chaiacter, but ai·e due to very individual problem-solving 
stlategies and rules which go back to eaiHer experience and 
understanding of mathematics In this, the most recent 
American developments in research on error analysis ai·e 
converging, in their methods, and in their fundamental in
sights as well, with the Soviet Union reseai·ch approaches 
on one hand, and with the effmts made in the French 
!REMs on the other [Brousseau, Jaulin-Mannoni, Salin) 

To conclude, we should like to sketch some research 
deficits and desirable research fields which have been sug
gested to us by an analysis of the accessible literature Some 
research levels which have as yet hardly been worked at, ar·e 
the following: 
• e1rors in the non-aiithmetical content ai·eas of mathemati

cal education; 

• conscious and subco~scious processes in inco1rect at
tempts to solve mathematical problems; 

• detailed analyses of erro1 causes derivable ffom interac
tion effects between the variables inte1vening in the 
mathematical teaching-learning process (teacher, cur
riculum, student, etc ); 

• development of special didactical aids for treating particu-
lar learning difficulties and errors 

Beyond that, the problems of describing causes and of 
separating causal areas, of investigating the process chaiac
ter of the individual solution path, or of the methods of 
analysis in the field of research and teaching practice, will 
be topics tor current and futw·e effOrts at research and didac
tical development 

We conclude this brief survey with a quote from one of 
Freud's lectures in 1908: 

It must be stres~ed again that we do not a~sert that 
every single mi stake ( F ehllei stung) is logical ( H·nn
r eich), despite the fact that I wmider this likely. For 
us, it will suffice to demon.'> tr ate ~uch a logic frequently 
in different form~ of mi~takes 
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