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Given the importance of graphs across STEM fields, there is
a continued need to explore and explain students’ graphing
activity when modeling situations. For example, consider
Figure 1 showing two graphs that students may construct
when asked to represent a bike-rider’s speed and time while
coasting down a hill (from Clement, 1989). Although Figure
1b shows a normative graph, it is common for students to
produce a graph like Figure 1c. Researchers have character-
ized graphs like Figure 1c as resulting from an iconic
association, in which students treat a graph as a literal pic-
ture of the situation (i.e., the hill) (Clement, 1989; Johnson,
McClintock & Gardner, 2020). However, we contend each
graph in Figure 1 could reflect other ways of reasoning,
which are dependent upon the quantities (i.e., conceptions of
measurable attributes of a situation, Thompson, 2011), and
the coordinate system the student conceives.

In this short communication, we apply two frameworks to
describe different ways students can (or might) reason about
graphs within coordinate systems thereby enabling more
nuanced analyses of students’ graphing activity. We use dis-
tinctions in two uses of coordinate systems—spatial and
quantitative (Lee, Hardison & Paoletti, 2020)—and two
ways students might reason when constructing or interpret-
ing graphs—static and emergent graphical shape thinking
(Moore & Thompson, 2015). Using the bike-rider situation,
we exemplify each form of reasoning. We argue that attend-
ing to these different ways of reasoning is important for
teachers, curriculum designers, and researchers.

Figure 1. (a) Bike-rider on a hill (from Clement, 1989,
p. 79); (b)—(c) two graphs students may construct
when representing the bike-rider’s speed vs time.
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Figure 2. (a) A spatial coordinate system superimposed
onto the bike-rider’s space and (b) a quantitative
coordinate system constructed outside of the bike-
rider’s space.

Two uses of coordinate systems

A student establishes a spatial coordinate system (Lee, Hardi-
son & Paoletti, 2020) when they conceive of a coordinate
system to organize a space containing a phenomenon. A stu-
dent who produced the graph in Figure lc may have
established a spatial coordinate system (Figure 2a). Objects
within that space can be tagged with coordinates describing the
objects’ location. Here, the quantities are embedded within the
same physical space containing the phenomenon. In the subse-
quent section, we discuss ways students might conceive graphs
within a spatial coordinate system, but, first, we describe
another way students might think about a coordinate system.

How might students conceive a coordinate system for the
bike-rider as Clement’s intended (i.e., relating the bike-rider’s
speed and time)? Students might imagine and extract these
two quantities in the bike-rider situation and represent each
quantity’s magnitude onto separate number lines. Finally, they
could imagine orienting these number lines orthogonally
yielding a coordinate system (Figure 2b). This coordinate sys-
tem organizes a space different from the space containing the
bike-rider; we refer to such a coordinate system as a quantita-
tive coordinate system (Lee, Hardison & Paoletti, 2020).
Students construct a quantitative coordinate system when they
(a) establish quantities relative to a space or phenomenon, (b)
disembed (Steffe & Olive, 2010) these quantities by extracting
them from the situation while simultaneously remaining
aware of these quantities within the situation, and then (c) pro-
ject them onto a new space to yield a representation of the
product of the quantities’ measure spaces.

We note the establishment of both types of coordinate sys-
tems involves reasoning with quantities. The difference is
where the student imagines coordinating quantities. In a spa-
tial coordinate system, the quantities are coordinated within
the same space of the phenomenon. In a quantitative coordi-
nate system, the quantities are coordinated in a new space.

The bike-rider situation and ways of reason-
ing about graphs

Within each coordinate system, we differentiate between
students’ emergent and static thinking (Moore & Thompson,
2015) to characterize students’ graphing activity.

Imagine a student has constructed a spatial coordinate
system organizing the bike-rider phenomenon (Figure 2a)
and intends to produce a graph representing the bike-rider’s
traveled path. With this goal in mind, the student may spec-
ify the bike-rider’s location using vertical distance from the
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hill’s base and horizontal distance from the starting point.
The student might imagine variations in these quantities and
hold in mind the bike-rider’s location, represented via a
point simultaneously representing these magnitudes. The
trace of this point can be considered a graph; a graph so con-
ceived was produced through emergent thinking (Moore &
Thompson, 2015).

Emergent thinking entails maintaining a sustained focus
on two covarying quantities. With this focus, individuals can
conceive a point in a coordinate system as simultaneously
representing the two quantities’ magnitudes. They can imag-
ine a graph being created by the trace of the point
constrained by the varying quantities’ magnitudes. Case A
(Figure 3) exemplifies emergent thinking in a spatial coordi-
nate system for the bike-rider context.

In contrast to emergent thinking, static thinking (Moore &
Thompson, 2015) does not entail a sustained focus on
covarying quantities. Such thinking may involve conceiving
a displayed graph as a shape (i.e., graph-as-wire) that can
possibly be manipulated (e.g., translated, rotated). In this
case, students focus on properties of the perceptual shape
and the shape itself, which can entail iconic or thematic
associations (e.g., Moore, Silverman, Paoletti, Liss & Mus-
grave, 2019).

Case B (Figure 3) contains a graph depicting the hill’s
profile. If a student interprets such a graph by tagging coor-
dinates based on the bike-rider’s vertical distance from the
hill’s base and horizontal distance from the bike-rider’s start-

ing point, we would interpret that the student conceived a
static graph within a spatial coordinate system. If the student
does not attend to the quantities represented on the axes, we
would infer the student was not reasoning about a coordinate
system at all, instead making an iconic association by draw-
ing a picture of the hill.

To address the prompt consistently with Clement’s (1989)
intention, a student needs to construct a quantitative coordi-
nate system (i.e., Figure 2b). To reason emergently in such a
system, the student could imagine the trace of a point simul-
taneously representing these covarying quantities to yield a
graph (Case C in Figure 3).

Finally, it is possible for students to engage in static rea-
soning within a quantitative coordinate system. For
example, after establishing a quantitative coordinate system,
they could recall an association between acceleration due to
gravity and quadratic relationships. They could argue that,
since gravity plays a role, the graph should be parabolic. If
they did not explicitly attend to the quantities’ covarying
magnitudes, we would interpret that the students engaged in
static thinking via a thematic association (i.e., falling objects
means parabolic graph; Case D in Figure 3). Whereas iconic
associations entail treating a graph as a picture, reasoning
thematically (e.g., Patterson & McGraw, 2018) occurs when
students incorporate situational aspects in their graph that
are potentially incongruent with the researcher’s thinking
(e.g., an object traveling at a varying speed necessarily
implies a curved graph).
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Figure 3. Four ways of reasoning about graphs within coordinate systems.
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In all four cases (Figure 3), a student produces a graph
within a coordinate system acting as a representational space
in which quantities are coordinated to organize some phe-
nomenon. Cases A and C represent different ways students
may engage in emergent thinking when constructing graphs
within each type of coordinate system. As Cases A and C
illustrate, emergent thinking is parametric in nature (Paoletti
& Moore, 2017); emergent graphs are produced by imagin-
ing the dynamic trace of a point as quantities vary. In
contrast, static thinking involves conceiving a graph without
focused attention on two covarying quantities’ magnitudes.
Cases B and D represent static thinking in each type of coor-
dinate system.

Concluding remarks

We applied two previously independently used frameworks
to provide examples of four different ways students may rea-
son when constructing graphs in a coordinate system to
represent a situation. As these examples illustrate, coordinat-
ing these frameworks affords simultaneously characterizing
students’ meanings for coordinate systems and the graphs
constructed therein. Attending to these differences has
important pedagogical and research implications.

Applying these frameworks together provides an explana-
tory mechanism for characterizing students’ sometimes
unconventional, but potentially productive, reasoning about
graphs within coordinate systems (in contrast to Lai, Cabr-
era, Vitale, Madhok, Tinker & Linn, 2016). By making these
distinctions explicit, teachers (and researchers) can better
attend to students’ spontaneous graphing activity. For exam-
ple, students may accurately represent a relationship they
conceive in a situation by using a different coordinate sys-
tem than intended (e.g., Case A, see also Johnson,
McClintock & Gardner, 2020). In such cases, having stu-
dents describe how their graph represents the situation could
provide important insights that could be explicitly addressed
in pedagogical situations. Further, teachers can support stu-
dents in becoming explicitly aware of contexts and
situations where static and emergent reasoning may be pro-
ductive in each coordinate system.

Characterizing and exemplifying these different ways of
reasoning raises important questions for research. If students
are provided more open-ended graphing prompts (e.g.,
graph a relationship of interest in the bike-rider context), are
students more likely to engage in certain types of reasoning
in certain coordinate systems? Would the availability of dif-
ferent perceptual material support or inhibit students’ use of
each form of reasoning? Further, how might understanding
these different ways of reasoning influence researchers’ or
educators’ work as they explore or promote students’ graph-
ing activity? Should researchers and teachers explicitly
support students in developing each form of reasoning? And
if so, what actions might guide students toward particular
ways of reasoning?

As these questions convey, we intend for the distinctions
to serve as a resource for future research and pedagogical
efforts exploring how students may construct, interpret, and
develop meanings for coordinate systems, and graphs in
these systems. Such studies will be critical for informing
teachers and curriculum designers in developing tasks that

50

support students in explicitly constructing and interpreting
graphs within coordinate systems.
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Bellman’s lost in the forest
problem: an unsolved problem
in plane geometry

L. FELIPE PRIETO-MARTINEZ

R. E. Bellman published this problem in 1956:

Suppose that I am lost in a forest. I have a map and so I
know the exact shape and size of the forest. But I do not
know where in the forest I am, nor which direction I am
facing. What is the ‘best’ path for me to follow to
escape from the forest?

Williams (2002) listed this problem as one of twelve that he
considered likely to introduce original ideas of great value to
mathematics.

A formal statement of the problem could be the following:

Let F be a plane region. (1) Find a parametrised curve
C such that for every point P € F, for every curve C’
congruent to C and with initial point P, C’ is not entirely
contained in F (it ‘escapes’) and (2) among all possible
curves C find the ‘best’ one.

From the point of view of the hiker, it is not clear what
‘best’ means in this context. Here we will interpret the ‘best’



path C as the shortest path that guarantees escape. Other
authors consider the path that minimises the average time to
escape. In other words, we are interested in being sure of
escaping, while others prefer to usually escape in a short
time, at the cost of occasionally escaping in a very long time,
or never. For example, walking in a straight line is usually a
good strategy, but if you are facing along the long axis of a
long, thin forest it is not.

For our interpretation of ‘best’, the problem is still open
for very simple choices of F. Bellman proposed two specific
cases: an infinitely long forest bounded by two parallel lines
a given distance apart, and a half-plane where the hiker
knows the distance to the boundary of the forest. For the first
case a solution was found in 1961 by Zalgaller (see Figure
1). It is a symmetric curve made up of four line segments
and two circular arcs. For the second case, the shortest path
was found by Isbell in 1957. Little is known in either situa-
tion for other interpretations of ‘best’.

Finch and Wetzel (2004) show that Bellman’s lost in the
forest problem is closely related to Moser’s worm problem,
which I discussed in FLM issue 42(1). They offer a simple
proof that if any curve of length 1 does not guarantee escape
from a forest, then this forest ‘covers’ all such curves. The
reader is advised to reflect on this idea. In my discussion of
Moser’s worm problem, I described the rhombus that Gerri-
ets and Poole (1974) proved is a cover for any curve of
length 1. Finch and Wetzel use the term ‘fat’ to refer to any
region that can contain a Gerriets-Poole rhombus, with the
long diagonal of the rhombus being the diameter of the
region. They prove that the ‘best’ path out of a ‘fat’ region is
a line segment the length of this diameter. Many simple
shapes are ‘fat’, including disks, sectors of a circle sectors
with central angle 6 > 60° and regular polygons with more
than three sides.

As noted above, for an infinite forest bounded by two par-
allel lines, the best path is Zalgaller’s curve. Finch and
Wetzel note that this curve has been rediscovered several
times, and it has played an important role in research on the
worm problem.

‘Squarish’ rectangles are ‘fat’ and therefore the best path
is a line segment as long as the rectangle’s diameter. Very
long, thin rectangles are similar to an infinite forest bounded
by two parallel lines, and Zalgaller’s curve is the best path

Figure 1. Zalgaller’s curve. The hiker starts from the point
P facing in the direction of the arrow (from Finch
& Wetzel, 2004, p. 648).

for such rectangles. Interestingly, for a certain ratio r of the
side lengths of the rectangle, both the diameter and Zal-
galler’s curve are best paths, showing that the shortest path
need not be unique. The reader may wish to determine the
value of r. The solution is given by Finch and Wetzel.

The problem remains unsolved for triangles. Besicovitch
(1965) offers a conjecture for the best curve for equilateral
triangles.

Editor’s Note
This is one of a series of unsolved problems. The first
appeared in issue 41(3).
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In defence of dichotomies in
mathematics education research

TYE CAMPBELL, SHEUGNHYUN YEO

“I feel very uncomfortable with this article setting up a
dichotomy”

“Whenever I encounter a dichotomy, I find myself
questioning and thinking that life is more complicated
than that.”

Tye received these comments from two different reviewers
on his recent publication in FLM issue 42(1). He appreciated
the thoughtful critiques from colleagues that improved the
quality of the manuscript. These comments, however, made
him question whether the larger field of mathematics educa-
tion similarly devalues dichotomies in mathematics
education research. He wondered: Do most mathematics
education scholars believe that dichotomies are not useful?
Areview of prior FLM issues revealed one article that softly
aligned with the position of the reviewers. Reid and Brown
(1999) wrote about “finding ways out of dichotomies” (p.
16), providing three ways to avoid dichotomies in mathe-
matics education. Perhaps, then, the answer to the question
is “yes”: most mathematics education scholars believe that
dichotomies are not useful.

Our intention in this communication is not to debate with
scholars who seek to “find ways out of dichotomies” in their
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teaching practice; rather, our intention is to argue in defence
of dichotomies specifically as it relates to mathematics edu-
cation research. We argue that researchers must create
dichotomies in educational research to make meaningful
inferences about learning and instruction. We introduce our
argument via a thought experiment.

Thought experiment

Let us consider a major aim in mathematics education
research: to determine the conditions that maximize student
learning in a particular classroom or context. As educational
researchers, we decided to conduct a project examining a
sixth-grade classroom to determine the instructional prac-
tices that support student engagement in mathematics. Ms.
Reed, the teacher, has taught sixth-grade for many years, but
she has recently become discouraged by students’ passive
participation in math class. Few students do the homework
assignments, some learners lie their heads on their desks
during class, and most students seem unenthusiastic about
attending. Our goal as researchers is to determine the prac-
tices we can introduce to the classroom environment to
change the norms of engagement and to analyze those
instructional practices.

When we walk into Ms. Reed’s classroom, we observe
classroom phenomena and take note of her instructional pro-
gression. We need to name the pedagogical progression as a
point of comparison for any intervention we introduce, so
we call the Ms. Reed’s instruction ‘Blue Instruction’. To dis-
rupt the disengagement of Ms. Reed’s students, we help Ms.
Reed to introduce several new practices that are different
from Blue Instruction. We build a new pedagogical progres-
sion of teaching moves and name it ‘Yellow Instruction’ as a
point of comparison with Blue Instruction.

We study Ms. Reed’s classroom over the course of the
year, deciding a priori to analyze three variables related to
student engagement: the number of students who (1) lie their
heads on their desk during a class period; (2) come late to
class during a class period; (3) complete their homework.
We find that there is a significant difference for all three
variables in favour of Yellow Instruction in comparison to
Blue Instruction. So, we decide that Yellow Instruction
works better in this classroom context than Blue Instruction
for engaging learners.

Why dichotomies are helpful

The main idea of the thought experiment is that we needed
to categorize and name (read dichotomize) Blue Instruction
and Yellow Instruction to make meaningful inferences about
successful teaching. Naming a progression of instruction
according to its distinguishing features provides us with an
opportunity to compare and engage in meaningful dialogue.
When we refrain from naming and dichotomizing, it limits
our linguistic ability to debate about how students should be
taught.

The benefit of dichotomizing can be explained by the
notion of a dialectic. Popper (1940) states that a dialectic is
“a theory which maintains that something—for instance,
human thought—develops in a way characterised by the so-
called dialectic triad: thesis, anti-thesis, synthesis” (p. 404).
First, the researcher introduces a theory, which is known as
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the ‘thesis’. In our thought experiment, the thesis is Blue
Instruction. Then, the researcher introduces an opposing
idea, called the ‘anti-thesis’. The anti-thesis of our thought
experiment is Yellow Instruction. The thesis and anti-thesis
undergo a struggle until a solution is reached, called the
‘synthesis’. Finally, the synthesis is likely to be challenged
again, creating a new dialectic triad. While Yellow Instruc-
tion ‘won’ the battle in Ms. Reed’s classroom context, a new
anti-thesis can be introduced to continually improve the
quality of Ms. Reed’s instruction. In this way, dichotomizing
supports Ms. Reed, her students, and researchers.

Now, we expect that the skeptic will offer the following
rebuttal: Some aspects of Blue Instruction may be embedded
in Yellow Instruction and vice-versa, so this is not a true
dichotomy (i.e. thesis/anti-thesis). It is true that some
instructional practices from one category can (and will) be
embedded in another category. We create dichotomies to
focus on the distinguishing features. It is the distinguishing
features that are most likely to be responsible for differences
in student outcomes. The skeptic should also ask: What
about teachers whose instructional practice is fluid (i.e., they
incorporate some of the distinguishing features from Blue
Instruction and Yellow Instruction)? In this case, we should
create a new dichotomy to allow for another categorical
comparison: Hybrid (Green) Instruction versus Yellow
Instruction. Defining the essential characteristics of a type of
instruction is an iterative process, as we continually research
best practices. So, the distinguishing features of a type of
instruction can change over time.

Let us turn to consider Reid and Brown’s discussion of
ways to ‘get out’ of dichotomies. In one example, Reid and
Brown state, “As we explored the teacher/researcher
dichotomy we became more and more aware of the ways in
which teaching and researching are the same for us, so that
in any situation we are both teacher and researcher” (p. 17).
Though the authors examined dichotomies on a broader
level than we discuss here, their discussion of the
teacher/researcher dichotomy precisely illustrates our argu-
ment. Reid and Brown needed the teacher/researcher
dichotomy to even engage in a conversation. Though they
came to a synthesis (both teacher and researcher), the
dichotomy allowed them to realize this synthesis.

We conclude this short communication by simply stating:
“dichotomies are useful”. We should not discourage mathe-
matics education researchers from introducing dichotomies
in their studies. If we want to make meaningful inferences
and engage in meaningful discussion, we must dichotomize.
The ideas presented in this paper necessarily create a new
dialectic triad: thesis—dichotomies are not useful in mathe-
matics education research; anti-thesis—dichotomies are
useful in mathematics education research. We hope that
scholars will continue to engage in this productive debate
towards further synthesis.
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