
grammatical fmm offers no hint If one talks about the 
'quotient' and the 'remainder' in the situation of division 
with remainder, the meaning is specified by the context If 
only the quotient is mentioned in the discussion, the mean
ing is ambiguous However, as the above examples show, 
students often do not attend to the explicit specifications 
suggested by the context 01 by the grammatical fmm 

Extending the meaning 
In a mathematical context, we are used to the idea of 
'extending the meaning' for certain words Multiplication, 
for example, is originally introduced as 'repeated addition', 
where the word 'times' (2 times 7) has identical meaning to 
the words 'multiplied by' (2 multiplied by 7). Later, this 
meaning of multiplication is extended beyond the whole 
numbers, to rational, real or complex numbers, to matrices 
and functions, where we still talk about multiplication but do 
not mean 'times' any more This extended meaning can be 
seen as a metaphorical usage of the word 'multiplication' 

Other examples of broadening the meaning 01 metaphm
ical usage are in extending exponentiation to negative or 
fractional exponents or extending 'sine' f:rom the ratio in a 
tight-angle triangle to a function These metaphors appear 
naturally as we build our mathematical knowledge and 
students are often not aware of them 

There is an embedded 'luxmy' in these extensions: the 
operations resulting from the extended meaning are consis
tent with the miginal meaning For example, we all think of 
the 'sum' as the result of the addition operation, without 
explicitly specifying whether the addends are integers, real 
numbers or matrices. However, the original definition of 
the sum (of a and b) emerged as the number of elements in 
the union set of two disjoint sets (where a and b refer to the 
number of elements in the two disjoint sets respectively) 
Extending the meaning of 'sum' creates no conflict: 17 is the 
sum of 12 and 5 regardless of whether the addends are 
viewed as whole, integer or real 

The case of divison is different: extending the meaning 
of division from whole to rational numbers does not pro
vide the 'luxmy' of consistency I suggest that one solution 
to this difficulty is through becoming aware ourselves and 
raising the awareness of out students to this potential 
discrepancy 

Conclusion 
This commuttication focused on the lexical ambiguity of two 
words- 'divisor' and 'quotient' - that frequently appear in 
elementary mathematics classrooms. Excerpts were pre
sented from class discussions and interviews with individual 
students that outlined the confusion about the meanings of 
these terms. I suggested that the regular 'tools' to determine 
meaning, such as context or grammatical form, are not 
always sufficient. 

Durkin and Shire (1992, p. 82) list several ideas for prac
tical implications in the situations of polysemy They 
suggest monitoring lexical ambiguity, enriching contextual 
clues, exploiting ambiguity to advantage and confronting 
ambiguity Even though their suggestions refer to the 
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ambiguity across registers, I find them completely applica
ble in case of divisors and quotients, where the ambigttity is 
within the mathematics register and even within the elemen
taty classroom sub-register 

Most textbooks for pre-service elementary school teach
ers provide the whole-number-division definition for 
quotients and remalnders and ignore a potential conflict with 
students' prim knowledge. Such mathematical precision is 
not in the best interest from a pedagogical perspective An 
appropriate didactical activity could awaken the conflict and 
then resolve it. 
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Univalence: A Critical or Non
Critical Characteristic of 
Functions? 
RUHAMA EVEN, MAXIM BRUCKHEIMER 

There is a long histmy of attempts to use the function con
cept as an organising theme fm the secondary mathematics 
cuniculum. The appeal of the concept as a central idea is 
fairly cleat It can serve to unify seemingly different and 
unrelated topics; it can give meaning to algebraic procedures 
and notation which, in many other cases, are restricted to 
acquiring manipulative facility without leading to under
standing; it easily lends itself to several different 
representations (an aspect much appreciated nowadays by 
the mathematics education community); and today, with the 
availability of advanced technological tools, its visual 
aspects are within everyone's reach 

With the cunent intense focus, both in cuniculum 
research and the development of the function concept, it 
seems to us that there is one aspect that deserves more care
ful attention than it receives: the univalence requirement, 
that conesponding to each element in the domain there be 
only one element (image) in the range. We propose a 
re-examination of the present place of univalence in school 
mathematics and its implications, as there may be didacti
cal advantages to postponing its introduction The following 
is intended as a contribution to this re-examination 



From multi-valued functions to single-valued 
functions 
Functions ate not 'what they used to be' .. In the 'good old 
days', functions were multi-valued But the modern defini
tion explicitly requires univalence. Interestingly, a search 
of quite a few books and articles on the history of mathe
matics did not result in an explicit statement of the reason for 
requiring functions to be univalent. Exceptional in this 
regard is Freudenthal (1983) who attributes this requirement 
to the desire by mathematicians to keep things manageable 
Keeping track of meanings of multi-valued symbols (such as 
_J), and taking care that they have the same meaning 
tluoughout some context requires considerable care. There
fore, according to Freudenthal, the univalence requirement 
was added to the definition of function. An approach which 
conforms to Freudenthal's description can be found in some 
older textbooks, where functions ate allowed to be multi
valued until there is cause to restrict the discussion to 
single-valued functions (e g the appearance of limits) 

Current approaches to univalence in school 
mathematics 
Today, when students first encounter the concept of function 
formally, univalence is usually presented to them as an 
important characteristic, both by textbooks and teachers, 
presumably many of the latter under the influence of the for
mer .. Students then usually spend some time learning to 
distinguish between functions and non-functions. In spite 
of this widespread emphasis, we did not find a single text
book that explains why univalence is important Students ate 
not given exaruples or activities that would help them under
stand what one can do with functions that one cannot do 
with relations that are not functions. However, textbooks are 
ouly one source from which students form their conceptions 
of mathematical concepts Teachers are another significant 
source. How do teachers present univalence to students? 

Numerous infmmal discussions with teachers indicate 
that many of them think that the univalence characteristic 
of functions is very important for theii students' understand
ing of the concept. This is further illustrated by a study 
conducted in the US (Even, 1993) in which many prospec
tive secondary mathematics teachers claimed that it was 
very important that their students should be able to distin
guish functions from non-functions For instance: 

it's something that's impmtant and you're trying to 
make a distinction between that and relations .. It is 
almost vital that somebody understand why this is a 
function and this is not Another thing might be a rela
tion but it's not a function 

Moreover, when asked to give a definition of a function and 
then presented with a situation where a student does not 
understand that definition and being asked to give an alter
native that might help the student understand, many of these 
pre-service teachers focused on the univalence property 
only. Thus, they used the 'vertical line test' (a visual repre
sentation of unlvalence on the graph of the function/ 
non-function) as further explanation, ignoring the cone
spondence aspect of the function concept entirely For 
example: 

By graphing the function and doing the vertical line 
test, a line never crosses the graph more than once 

A possible reason why both books and teachers do not (can
not) explain the need for univalence is that many teachers, 
teachers of teachers, as well as textbook authms, do not 
explicitly know (or have never thought about) the need for 
this requirement We asked several groups of Israeli and 
American pre-service secondary teachers to explain why, in 
their opinion, it is necessary to have the univalence require
ment in the defmition What is its importance, its role? Many 
of them thought that univalence is important but admitted 
that they did not know why. One said, for exaruple: 

I don't know why. I don't know why there should be 
one. It's the way I always learned though 

Distinguishing between functions and non-functions is pre
sented as and remains a meaningless ritual 

Not knowing why univalence is needed may influence 
pedagogical content-specific choices, by making it 'reason
able' to present students with easy procedures that 
over-emphasize procedural knowledge without sufficient 
concern for meaning This is exactly what many teachers 
do when they choose to provide students with the 'vertical 
line test' as a rule to follow and to get the right answers. For 
exaruple, when asked why she wanted to teach the 'vertical 
line test' to her students, one prospective teacher said: 

If they're told to figure out whether it's a function or 
not, using the definition, they probably wouldn't be 
able to do it. If they know the vertical line test works, 
even if they don't know why it works, they can see 
right away why this is a function, because they can go 
through with a ruler or a straight edge and vertically 
go across the function, looking for places where there 
are two points 

We carmot escape the conclusion that univalence, so highly 
valued at this early stage, lacks rhyme or reason 

From single-valued functions to multi-valued 
functions 
As we illustr·ated above, students learn that univalence 
distinguishes between relations or couespondences that are 
not functions and those which rue. But, students are not told 
why this distinction is impmtant, and as univalence is 
seldom mentioned after functions are formally inttuduced, 
for many students it does not become part of their function 
concept image. TherefOre, it is not smprising that when pre
sented with four graphs and asked to choose the graph that 
did not represent a function, only half of the Algebra 2 
students who participated in the fourth mathematics assess
ment of the NAEP chose the graph of a ciide (Swafford and 
Brown, 1989) Dominant in students' concept images are the 
functions they meet during their studies - functions that can 
be represented by formulae, with 'nice' graphs, and that are 
'known to be functions' From the student point of view, 
the statement that a 'nice' graph such as a circle is not a 
function, whereas its upper half (or even a weird-looking 
graph such as the first in Figure 1) is, may not make much 
sense. Nor will be being informed that the second repre
sents a function while the third does not, as a parabolic graph 
may 01 may not represent a function, depending on 'one's 
point of view' 
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Figure I Graphs of functions and non-functions 

Let us briefly consider why we need flinctions to be 
single-valued in the school cmticuhun. A conn.non explana
tion for this (the circle, patabola and other such 'nice' graphs 
notwithstanding) is that most cotrespondences met, either 
in mathematics or in everyday and professional life, are uni
valent. But is it really the case, 01 is it that univalent 
correspondences are more noticeable because we choose to 
deal with them and not with multi-valued ones, in order to 
avoid complications? The use of contemporary technolo
gical tools enables and encourages students to explore 
instances that their teachers or curriculum developers may 
not have anticipated. 

For example, a colleague of ours, Nmit Hadas, has called 
oUI attention to an interesting investigation: 

Given a triangle ABC where AB and AC ate 4 and 5 
units in length (respectively), investigate the behaviot 
of the area of the triangle as the altitude AD (D the 
intersection of the altitude with the side BC) changes 

A useful tool fot such an investigation is a piece of software 
which allows students to explore interactively how geomet
rical figures behave when they ate 'dragged', and also 
allows figmes to be linked to tables and graphs that simul
taneously update and display infotmation. Thus, here, the 
student can display tabulat and gtaphic representations of 
the connection between the length of AD and the cone
sponding area of the triangle .. Quite smptisingly, the 
investigation reveals that for 'many' altitudes there ate two 
conesponding tl:iangles whose areas are not the same (the 
same conclusion can, of comse, be reached algebraically). In 
other words, the 'function' that assigns to each altitude the 
area of its triangle is hi-valued This characteristic is dis
played cleatly in the resulting graph (see Figme 2) 

Fzgure 2 The 'function' that assigns to the length of the altitude 
of this ttiangle, the corresponding area of the ttiangle 

Should we then dismiss this 'function', just because it is 
not included in om cmrent definition? The situation is math
ematically rich; it connects investigations in geometty with 
functional representations and surprising results can be 
obtained using conn.non functional tools There is not a gen
uine mathematical difference (in the presentation of the 
problem, in its solution processes or in the presentation of 
findings) between problem situations like this (and many 
others that might occur when students are given powerful 
tools and allowed to investigate) and similar problems that 
happen to result in single-valued functions 
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The example above might suggest that we propose to go 
back in histmy to the times when functions were multi-val
ued. Well, not quite But we do suggest that there may be 
didactical advantages to following to some extent the histor
ical development of functions, to adopt the older textbooks' 
approach and postpone the inttoduction of univalence of 
functions nntil it is beneficial and 'reasonable', which may 
be when analysis of fnnctions is reached (by a minmity of 
the students who are today inttoduced to fuuctions) .. Until 
then, we suggest that students explore problem situations in 
which multi-valued as well as single-valued functions may 
arise and that no emphasis be put on the univalence reqube
ment. We do not wish to imply that we advocate the idea that 
insttuction should necessatily (01 even often) follow the his
torical development Rather, in this patticulat instance, we 
think that postponing the discussion of univalence uutil it is 
needed may conttibute to student leatning in several ways 

First, our suggestion may be a small contribution to mak
ing mathematics more meaningful for students and less an 
arbitrary collection of tules and definitions. Mathematical 
definitions are seen to be human-made for convenience and 
ate changeable according to need Second, a nmnber of stud
ies indicate that students have difficulties in uuderstanding 
and using the function concept. Consequently, it seems more 
reasonable to focus student attention on essential aspects of 
functions, such as how they describe relationships between 
vru:iables, their power to mathematise situations, how rep
resenting a function in different ways can expand 
uuderstanding about their behaviom and how approaching 
them in different ways (e g. object vs process, point-wise 
vs. globally) may be useful in different situations. Third, it 
may assist in learning about sub-concepts. For example, 
when leru:ning about inverse functions one can focus on the 
essence of the concept - namely, uudoing - and not on the 
unnecessaty and often complicated exanrination whether the 
inverse function even exists, as many textbooks tend to do. 

Some may claim that if out suggestion is followed, 
students will think that functions ate multi-valued, and that, 
at a later stage, the 'harm' we caused will have to be 
conected. Ib those we would reply that since so many stu
dents today already consider a circle or an ellipse, for 
example, to be functions, even though their teachers and 
textbooks emphasize that fuuctions must be single-valued, 
we do not think that om suggestion would make the cmrent 
situation 'worse' It might just be the other way round. If 
the requirement for univalence is introduced when the situ
ation requires, i.e. with a sound reason, then it may make it 
easier for the students to accept and remember. More than 
that, we do not think that the situation where students 
conceive functions as multi-valued is a situation which 
needs 'to be conected' Rather, it should be refined .. After 
all, when the text or teacher so chooses, all functions there
after are continuous, or differentiable, etc - because there 
is a good reason for the added resttiction 
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