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In their article, Benally, Palatnik, Ryokai and Abrahamson 
seek to “develop an explanatory process model of geometry 
learning as learners’ negotiation across different perceptual 
perspectives on a given situation” (p. 40, my emphasis). 
They sought to design tasks to “foster differing perceptual 
orientations towards the material objects–differing percep-
tual orientations whose recognition and reconciliation 
promoted conceptual understanding” (p. 40). I am interested 
in the implications for mathematics educators when we see 
working together (on mathematics) as a fundamentally syn-
ergistic process, in which each participant operates from 
within a shared situation and is co-implicated in what 
emerges as effective mathematical behaviours. I take this as 
a view of learning in which we shift our discussion “away 
from the question of what mathematics is and towards what 
mathematics does” (Begg, Davis & Bramald, 2003, p. 599) 
and I work from a stance drawing on the writing of Matu-
rana and Varela (1987) who express that cognition is 
effective action, i.e., “action that will enable a living being to 
continue its existence in a definite environment” (p. 29). 
Within this view, learning (mathematics) is a process which 
makes possible new effective actions (new perceptions) 
within an environment. There are similarities and possible 
differences between this view of learning and Benally et 
al.’s identification of learning as a negotiation across differ-
ent perceptual perspectives. 

 
The non-separation of ‘thinking’ and ‘doing’ 
Negotiation of multiple perspectives is presented by the 
authors as resulting in one of three types, “substitution, 
mutuality or synergy, with varying consequences for learn-
ing outcomes” (p. 41). This three-way categorisation 
emerges from analysis of three vignettes, one for each of 
three tasks involving embodied interactions. The three 
vignettes work powerfully, for me, in drawing out ways in 
which participants became significant elements of the phys-
ical spaces of their activity. In the case of Inside Geometry, 
and Out!, involving construction of both large and small 
models of icosahedra, we read that gesturing draws out new 
insights into the difficulties of keeping track of a count of 

edges in the shapes. Encountering such complications pro-
vided a stimulus for tilting the large model onto a vertex, a 
physically unstable configuration that effectively incorpo-
rated one participant (Gray) into the model itself. The shift 
supported at least two participants to see patterns in the edges 
in a different way. Whilst it might be tempting to see this case 
as one participant (Gray) supporting others to ‘see what I 
see’, it remains unclear whether the resulting counting strate-
gies of Gray and Yellow were congruent. Indeed, Yellow is 
reported to be counting silently before announcing three 
groups of ten and we are left without an indication of where 
the groups were identified. Within the VR Sandscape, the 
hands of Ruth played a key role in the unfolding construction 
of the landscape, as maker and as holder of the measurement 
ruler and, perhaps even more significantly, as providing a 
mechanism for negotiating a shared focus of attention 
through pointing, aligning a physical gesture with its render-
ing in a Virtual Reality (VR) view. In the Indigeometry 
Planetarium, involving just one participant, Amaya, it is by 
becoming present in the environment–pointing, rotating, 
body movement with an artefact–that Amaya experiences 
angles through different cultural-historical perspectives. 

Each of the three tasks offers students opportunities to be 
doing in multiple ways. Figure 3 in the article shows beauti-
fully how working with both small and large models allows 
students to relate differently to the objects and, hence, to talk 
differently about the objects. In all three, students are invited 
to be continually reconciling tensions between their direct 
experience of an environment and communications of other 
(verbal, visual, remembered) experiences. Where students 
have their attention directed to details in different ways, it 
becomes possible for them to explore what does and does not 
constitute effective action in the environment and so to 
develop awareness of what is and is not invariant. In the case 
of Amaya’s repeated use of her arms as a measuring tool for 
angle, it is not clear whether she is acting from a conscious or 
an unconscious knowing and neither, in that moment, is it 
clear whether such a distinction is significant, since she con-
tinues through the task of measuring all remaining angles. I 
would, however, see a central challenge to any mathematics 
educator as reaching a point of articulation in relation to 
mathematical awarenesses, (as earlier in the vignette, when 
Amaya articulates her arms making a shape of a circle when 
she turns on the spot) which might in turn make possible a 
similar knowing/doing in the future. This resonates strongly 
with what I see as my own role as a mathematics teacher edu-
cator, asking what I might offer to prospective teachers so 
that they might explore what does and does not constitute 
effective action for them in their own work with students. 

 
Co-emergence of perspective 
When Sam asks Ruth, in Vignette 2, “Do you see where I am 
looking?” (p. 37), the projection of Sam’s VR-view on a 
screen accessible to Ruth leaves open the intriguing possibil-
ity that Sam’s question is quite literal, although I can easily 
imagine the same question being asked in the context of 
Vignette 1. It seems to me that Sam’s intention is not to test 
the functionality of the equipment, but to establish a shared 
focus on some particular part of the working space. The 
ongoing interaction between Ruth and Sam is presented by 
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the authors as the two students “negotiat[ing] their respec-
tive perspectives” (p. 37). Through this process, a new 
perspective emerges, one that would not be seen as either 
Sam’s or Ruth’s but one in which they are co-implicated, the 
“shared arena” (p. 38) that gives each the opportunity to 
experience difference, to have current awareness disrupted 
and make new actions possible. It is the new awarenesses 
themselves that I would recognise as the educational goal of 
the tasks; it is not entirely clear to me whether the authors 
see their negotiation types as markers of such shifts in 
awareness or as educational outcomes in their own right. In 
substitution, for example, I would see not a replacement but 
a shift in what is available as action–I can now see both cir-
cle and triangle as possible projections of a cone–which I 
might recognise as more or less effective in another context. 
Such a decision might be involved in the case of mutuality, 
although a similar outcome of me staying with my own per-
spective might also arise from an insensitivity to or rejection 
of a new awareness. Working with multiple perspectives is 
recognised by Reid (1996) as a central feature of education 
research from an enactivist stance: 

we work with a common collection of data, about 
which we each reach conclusions related to our own 
interests and theories […] I use the phrase “multiple 
consensual contradictory perspectives,” where “con-
sensus” is used to mean the explanation of 
interpretations in way which make sense to others, to 
capture the important features of perspectives in enac-
tivist research. (p. 207) 

Here we see a positioning where communication of perspec-
tive is key, rather than a final convergence, (mutuality rather 
than substitution, leading to possible synergy). It is of note that 
the tasks described in each of the three vignettes subordinate 
such communication of perspectives to practical subtasks, so 
that the attention of participants is likely to be in a quite differ-
ent place to that of the observing researchers, who are attuned 
to how perspectives are being communicated. 
 
Implications for educators 
If we accept co-emergence of perspective, then learning will 
inevitably involve synergy, regardless of subsequent observ-
able behaviours. This does, however, leave open the 
challenges, recognised by the authors in their concluding 
comments, of identifying “how these negotiation outcomes 
bear on the emergence of mathematical ontologies” and 
“creating activities that optimize for learning across perspec-
tival differences” (p. 41). If, as educators, we are interested 
in the mathematical awarenesses of students, we are also 
required to consider how we are listening to learners and 
working contingently with their perceptions (Brown & 
Coles, 2011). 

The vignettes described by Benally et al. offer cases where 
there is room for learners to articulate the sense they are mak-
ing and for such articulations to be heard. As a mathematics 
educator and a mathematics teacher educator, I carry images 
of a mathematician, a mathematics educator (and, indeed, of 
mathematics itself) and it is these images that lead me to 
make judgements of whether or not actions are effective. 
Through reflection over time, I move beyond specific cir-

cumstances to perceive the ‘kinds of things’ a mathematician 
or a mathematics educator would do. This, in turn, will 
inform my decisions in designing and selecting tasks to use 
with students and with teachers. Not all such tasks will 
involve embodied interaction in the same way as described in 
the vignettes. Perceiving an example as a general case or 
identifying a condition that has to be so within a mathemati-
cal context might also be indicative of a shift in perception 
and a new mathematical awareness. As a mathematics educa-
tor, however, I come to a teaching space with an intention to 
get the student to do something and, further, I am seeking to 
offer them something which allows them to come up against 
a difference in behaviour, a disruption to current awareness, 
a shift in perception that, in turn, can be articulated and 
offered to others. CGPC gives support for designing tasks 
with both an embodied experience and space for communica-
tion of perceptual information and inferences; other 
discussions combine similar principles for task design with a 
response to visual stimuli (Abrahamson, Lee, Negrete & 
Gutiérrez, 2014; Coles & Brown, 2016). The student will 
learn something; it behoves us to allow the possibility of syn-
ergistic developments of perspective other than those we had 
in mind. Given that I place value in working with the aware-
nesses of others, it becomes essential that a task allows me 
access to observable behaviours that reflect such awarenesses 
and having students communicate their various perspectives 
provides just such opportunities. 
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Considering fishbone diagrams 
to develop a school-based 
research agenda 
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In this short communication, I introduce fishbone diagrams 
as a tool that researchers can use when conducting Design 
Thinking based research to solve problems of practice  
with a school community. Design Thinking (DT) is  
an emerging approach to research that actively seeks to 
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understand problems in school communities from the per-
spective of the users (Minthrop, 2016). In DT, research 
questions and solutions to those questions are generated 
through a systematic process involving multiple stages and 
multiple stakeholders. It is also the case in DT that hypothe-
ses are not developed a priori, tested, and primarily 
controlled by academics. Rather, researchers engage with 
community partners and practitioners to generate solutions to 
complex problems of practice grounded in social justice 
(Minthrop, 2016). A problem of practice is an important and 
persistent problem identified by practitioners in the context 
of their work. Deriving and implementing solutions to a 
problem of practice has the potential to immediately improve 
the experiences of those affected. Since problems of practice 
are inherently applied in nature, the goal of solving such 
problems is to improve practice. 

Fishbone diagrams, also known as cause and effect dia-
grams, are commonly used to organize the initial stage of DT 
research by analyzing a problem of practice from a systems 
perspective (Bryk, Gomez, Grunow & LeMahieu, 2016). I 
have found with colleagues that fishbone diagrams are also 
helpful tools for identifying a potential line of research 
(Tabron, Kitchen & Mestas, 2021). As a means to give prac-
tical insights about fishbone diagrams, I provide an example 
of a fishbone diagram created to understand causes of impov-
erished mathematics instruction at US schools in which a 
high percentage of minoritized and economically under-
served students [1] are enrolled, what I refer to as ‘high need 
schools’. I conclude by using the fishbone diagram to illus-
trate how it can be used to brainstorm a potential line of 
research and research questions. 

Though the fishbone diagram that I generate reflects my 
perspectives and research conducted in the US, aspects of 

this discussion may apply in communities throughout the 
world where impoverished forms of pre-tertiary education in 
mathematics exist. However, as will be elucidated further, 
practitioners, community members, researchers and others 
(e.g., parents) should take into account the causes for the 
problem of practice under consideration in their school com-
munity. In the process of considering local causes for their 
problem of practice, regional, national or international causes 
for the problem should also be considered. 

 
Diagramming impoverished mathematics 
education at high-need schools 
A common feature of the design phase of DT is that 
researchers, practitioners, and community stake-holders 
brainstorm and review research literature about the con-
tributing factors to the problem under consideration. Here, 
for the sake of generating a sample fishbone diagram, I have 
taken the liberty to brainstorm components of a fishbone 
diagram based on the US educational research literature and 
my experiences. This diagram was not created with the input 
of community stake-holders, but was made simply as an 
example of a fishbone diagram. I have created the fishbone 
diagram in Figure 1 with five major contributing factors 
(‘major bones’) to the impoverished state of mathematics 
education at high-need schools in the US. 

The theoretical stance that informs the creation of a fish-
bone diagram should be identified by the research 
collaborators. A bias of mine is reflected in the fishbone dia-
gram developed; I privileged inquiry-based mathematics 
instruction and how such instruction is generally not a prior-
ity at high-need schools. By focusing on inquiry-based 
instruction, my intent is simply to highlight the need to prior-
itize inquiry-based instruction for minoritized students and 
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Figure 1. Example fishbone diagram.
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economically underserved students. Moreover, the diagram 
was largely informed by a sociopolitical theoretical perspec-
tive. A sociopolitical lens situates the social, economic, 
political, and cultural contexts of learning in the foreground 
when considering whether minoritized and economically 
underserved students have access to rigorous mathematics 
curriculum and instruction. 

There are typically 5-6 major bones in a fishbone diagram 
with multiple contributing factors (‘small bones’) specified 
for each major bone (Bryk et al., 2016). Major bones are 
often grounded in the research literature. The smaller bones 
are intended to capture a more nuanced analysis for each of 
the major bones. The research literature supports two of the 
major bones in particular; “Teachers may lack skills and 
expertise needed to employ inquiry-based instructional for-
mats” and “Students historically have not experienced 
inquiry-based mathematics instruction”. 

Some of what is included in my fishbone diagram is based 
in my experiences leading and teaching at a high-need mid-
dle school [2]. From 2007 through 2012, I was the principal 
and mathematics teacher at a school that almost exclusively 
served economically underserved, first-generation Mexican 
immigrant students. These experiences led me to construct 
many of the small bones connected to “Students historically 
have not experienced inquiry-based mathematics instruction” 
(e.g., “Students have not experienced mathematics as a sense 
making activity”). Additional causes for the impoverished 
state of mathematics education at high-need schools in the 
US that were included in my fishbone diagram are grounded 
in my experiences as a professional development (PD) 
provider. In every academic year since 2004-05 with the 
exception of one, I led PD activities for pre-tertiary teachers 
who taught in culturally and linguistically diverse, rural 
schools in northern New Mexico. The vast majority of the 
participating teachers are women of color, primarily of His-
panic [3] and Native American descent. My experiences 
leading PD activities for pre-tertiary teachers of mathematics 
in northern New Mexico prompted the major bone: “Teach-
ers may lack skills and expertise needed to employ 
inquiry-based instructional formats”. 

My diagram also reflects aspects of a fishbone diagram that 
examined low success rates in developmental mathematics at 
a US community college (See Figure 3.1 in Bryk et al., 2016, 
p. 69). Specifically, I included the following three major 
bones from Bryk et al.’s diagram: “Institutional structures do 
not support inquiry-based mathematics instruction”, “Course 
material/content tends to be remedial”, and “District and state 
policies do not necessarily support inquiry-based mathematics 
instruction”. Once again, the assumptions that led me to select 
the smaller bones for these major bones are based on my 
experiences as a principal and teacher, many of which are sup-
ported by the research literature. For example, a reason why 
course material/content tends to be remedial is because of the 
considerable focus placed in the US on preparing students for 
success on standardized tests (Ravitch, 2013). 

The fishbone diagram provided here is not intended to be 
exhaustive; the reader may disagree with aspects of this dia-
gram and want to add to or delete parts of it. Moreover, major 
bones of the fishbone diagram are not necessarily mutually 
exclusive. For instance, I have identified a lack of quality PD 

opportunities in mathematics education as one of the reasons 
why “Institutional structures do not support inquiry-based 
mathematics instruction”. It could certainly be argued that 
the lack of quality PD opportunities is also a cause of the 
major bone labeled, “Teachers may lack skills and expertise 
needed to employ inquiry-based instructional formats”. In 
addition, the importance of any one feature of a fishbone dia-
gram is generally not evident in the diagram. For example, 
some may argue that a heavy focus on preparing students for 
success on standardized tests is a larger problem at high-need 
schools than is the issue of school leadership not focusing 
extensively on instruction (Kitchen, Anderson Ridder & 
Bolz, 2016). This importance is not reflected in the fishbone 
diagram. What does emerge in the diagram, though, is the 
notion that more than one entity is to blame for the problem 
under consideration (Bryk et al., 2016); in this case, impov-
erished mathematics instruction at high-need schools. 

 
Using the fishbone diagram to generate 
research questions 
After a problem of practice is more thoroughly understood 
with the aid of a fishbone diagram, the diagram can also be 
useful for identifying a research trajectory and questions to 
address the problem of practice under consideration. Thus, 
researchers can take advantage of insights provided by fish-
bone diagrams to identify a potential line of research and 
research questions to pursue. In the example given, there are 
five major bones. Any one of these major bones could pro-
vide the impetus for informing a line of research. For 
instance, one of the major bones is that “institutional struc-
tures do not support inquiry-based mathematics instruction” 
at high-need schools. Considering the smaller bones listed 
for this major bone could lead to conducting research with 
the explicit goal of generating solutions; in this case to the 
problem of institutional structures not supporting inquiry-
based instruction. As one example, a school partner that 
researchers are collaborating with to solve the problem 
described could elect to have some of their ‘best’ teachers 
(based on how the school defines ‘best’) teach courses that 
are populated largely by low-achieving students. Research 
could explore the consequences of such an initiative (e.g., 
how student achievement is impacted for both low- and 
high-achieving students). As another example, a potential 
line of research could be carried out based on the major bone 
that minoritized and economically underserved “students 
historically have not experienced inquiry-based instruction” 
at high-need schools. A collaborative study undertaken with 
teachers could examine what particular strategies prove ben-
eficial for enculturating students to inquiry-based 
instruction. The main point is that any of the major bones 
can be used to help inform a line of research conducted in 
partnership with a school community to solve problems of 
practice identified collaboratively, the primary goal of DT 
(Minthrop, 2016). 

In the brief example given, I purposefully focused on 
inquiry-based instruction and challenges associated with pro-
viding minoritized and economically underserved students 
opportunities to learn mathematics in the U.S. context. I also 
gave several examples of how the fishbone diagram could be 
used to identify research questions as part of a line of 
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research designed to help solve a problem of practice. While 
other tools exist that can be used during the problem analysis 
stage (e.g., process mapping), fishbone diagrams are a pow-
erful visual tool for representing a systemic causal analysis 
(Bryk et al., 2016) that can also be used to generate research 
questions to address problems of practice. I encourage 
researchers who are engaged in collaborative work with 
school communities to consider using fishbone diagrams 
with their partners as a means to begin to understand prob-
lems of practice from the perspective of the users. From my 
experiences, the discussions that ensue about what should be 
included and potentially excluded in the diagram help to 
build relationships among users, while leading to a deeper 
understanding of the problem for all involved. 

 
Notes 
[1] Minoritized and economically underserved students refers to students 
who are members of a racial or ethnic minority (e.g., African Americans in 
the US) and students from high poverty communities. 
[2] Students who attend middle school in the US are generally 12—14 years 
of age. 
[3] I use the term ‘Hispanic’ since it is commonly used in New Mexico to 
denote individuals and communities of Spanish descent. 
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The moving sofa problem: an 
unsolved problem in plane 
geometry 

L. FELIPE PRIETO-MARTÌNEZ 

Leo Moser published this problem in 1966: 

What is the largest area region which can be moved 
through a “hallway” of width one? 

The problem is often restated and restricted to moving a 
plane region S (a ‘sofa’) of largest area around a right-angled 
corner in a hallway of width one (see Figure 1). 

The sofa cannot be rotated in the space, it can only be 
dragged across the floor. So we are considering this as a 
problem in the plane. 

The sofa needs not to be convex. For instance, Hammersley 
(1968) proposed a sofa formed of two quarter circles joined 
by a rectangle, from which a semicircle has been removed 

(see Figure 2). This shape has an area of π⁄2 + 2⁄π ≈ 2.2074. 
The best known solution is similar in shape to Hammers-

ley’s but was arrived at differently. It was found analytically 
by Gerver (1992) who conjectured that it is the optimal sofa 
(its area is approximately 2.2195). It is composed of 18 
curves (see Figure 3). A proof that Gerver’s sofa is optimal 
remains to be found. 

The problem has been approached computationally as well 
as analytically. Wagner (1976) approached the problem by 
‘evolving’ larger and larger sofas that were able to go around 
the corner. His final form resembles Hammersley’s and 
Gerver’s but he was not able to calculate its exact area. Gibbs 
(2014) took a computational approach to the problem, arriv-
ing at a solution that agrees very closely with Gerver’s. 

Finally I would like to highlight the work by Kallus and 
Romik (2018). In this article, they prove that the area A of the 
optimal sofa is less than or equal to 2.37 (Gerver’s sofa 
proves that A > 2.2195). 

I recommend the enthusiastic introduction of Romik 
(2017) to see the impact of this problem in the mathematical 
community and for a general survey of the work done on it, 
with a lot of examples. Romik has also appeared in a Num-
berphile video [1] describing the problem and his work on a 
variant of it. 
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Figure 1. Illustration of the Moving Sofa Problem.

Figure 2. Hammersley’s sofa moving through the corner.

Figure 3. Gerver’s sofa is obtained by joining 18 arcs.
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Note 
[1] https://youtu.be/rXfKWIZQIo4 
 
Editor’s Note 
This is one of a series of unsolved problems. The first appeared in issue 

41(3). 
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Story of a limit point 

MAY HAMDAN 

Let us peek at a classroom of Real Analysis: It is Professor 
Conjecture’s class. 

Today she had something new in mind: to have students 
engage in informal dialogue. She had planned for an avant-
garde set of sessions on limit points of a set, a topic dear to 
her heart. She was convinced that in order for students to 
nourish their curiosity, intuition and conjecturing abilities, 
they should construct personally meaningful representations 
using their own informal language, avoiding blanket state-
ments in the form of general technical definitions. Just like a 
therapist who, instead of offering direct solutions, guides the 
patient through clever questions, she decided to conduct her 
sessions without volunteering full answers. She hoped that 
shifting the emphasis from formal language to a personal 
voice would allow for discovery and conjecture. 

Here is some background on our main character: Besides 
being a mathematics professor, Professor C is a painter, a ris-
ing writer and a fan of the magic of language and the power 
of words. This artistic side inspired her to conduct noncon-
ventional class sessions to highlight the role of intuition and 
creativity in the formation of mathematical ideas. She always 
made sure to connect the mathematical concepts and to moti-
vate the students and help them appreciate the creative 
construction of a proof. 

Professor C’s main goal was to ease students’ suffering 
caused by dealing with rigid mathematical texts, especially 
when it came to the encapsulation of lengthy processes in a 
single (dense) object or nouns (Arnon et al., 2014). She had 
read that students construct images of limiting processes that 
differ from mathematicians’ intended ideas (Monaghan, 
1991). Knowing that language plays the role of a mediator 
between mental processes and logical organizations in mathe-

matical activities, she saw it as a flexible tool which, once 
mastered, helps students develop metalinguistic awareness 
(MacGregor & Price, 1999). She believed that students learn 
better when engaged in mathematical discussions that use the 
full spectrum of their communication repertoire (Sigley & 
Wilkinson, 2015), and she hoped her experiment would testify 
to that. She aimed to have students reword concepts using nat-
ural language instead of terms of high lexical density. 

Inspired by all this, she designed her pedagogical experi-
ment and confidently announced, “Today let’s close the 
books! It’s high time we democratize mathematics and make 
it ours by using our collective natural voices.” 

Professor C had written in beautiful handwriting on the 
board the heading ‘Word Wall’, under which she planned to 
post key words from the class conversation. 

At that stage in the course, students were aware of the dif-
ference between the continuum and dense sets, between 
countable and uncountable sets. They had already been 
exposed to the basic definition of a limit point of a set. (That 
is, x is a limit point of a set E if for every r > 0 there corre-
sponds an element a ≠ x in E such that a is in the 
neighborhood of x of radius r.) The course textbook was Bar-
tle’s ‘Real Analysis” (2011). 

Professor C knew that spoken language tends to be gram-
matically intricate but lexically sparse (Halliday, 1985). She 
also knew that the presence of a double level quantification in 
the symbolic definition of a limit point above, together with 
the fact that two different types of quantifiers are applied in 
succession to a single proposition, often made it hard for stu-
dents to understand the technical definition (Dubinsky, 1997). 

She invited students to inquire about the sets Ik(x), 

corresponding to
 

and consequently to inspect its limit points. 
Professor C was especially inspired by the idea of the con-

cept definition and concept image described by Tall and 
Vinner (1981). The concept definition includes the set of 
words used to define a concept, while the concept image 
includes all examples, images and procedures related to that 
concept. Many students may have a personal concept defini-
tion that does not necessarily match the accepted one. 
Professor C was hoping to identify the collective concept 
image and concept definition of the class through her exper-
iment. This is why she came up with the Word Wall idea.   

Let us peek at parts of their conversations: 

Can we find a typical point in each Ik(x), in terms of k 
for all k? 

The sets Ik(0) are included in each other. The higher the 
k, the smaller the set. The more we zoom in, the more 
we approach zero: so, it must be the limit point. 

In the latter statement, Professor C saw an opportunity to 
insert a short session on nested sets, and dedicated part of the 
lecture to the discovery of their properties. Then one student 
asked whether it was possible to predict the number of points 
in Ik(0) — I(k+1)(0), in terms of k. 
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From her experience, Professor C knew that when it comes 
to describing mathematical concepts, students rely on narrat-
ing sequential events and a lot of examples, whereas 
instructors and textbooks rely on higher classification and 
relational processes (Schleppegrell, 2007). With that in mind, 
she decided to lead students to typify sets according to posi-
tions of their limit points, specifically avoiding the use of 
neutral blanket definitions not stemming from experience. 

One student mentioned that since all countable sets are 
sequences, it makes sense for limit points of such sets to be 
limits of sequences. And since they had studied limits of 
sequences and subsequences at length in the previous chap-
ters, this would allow them to figure out limit points of 
countable sets by applying methods used on sequences. 

This remark started a long class debate on the relationship 
between limit points of a set and limits of converging 
sequences. Everyone finally agreed with the student’s con-
clusion, and they were ready to call it a closed case. This is 
when Professor C felt the need to submit the example 

Once the class agreed that this sequence diverges, yet it 
clearly has two limit points 1 and —1, a debate started, the 
result of which was to correct the previous assumption from 
‘limit points of a countable set coincide with the limits of the 
corresponding sequence’ into ‘limit points of a countable set 
coincide with the limits of the corresponding sequence only 
in case the sequence converges’. This slowly evolved into ‘in 
case that matching sequence does not converge, it suffices to 
consider the limits of its subsequences’. 

A few questions were posed: 

How many limit points can we expect? 

Can there be limit points of E that are not limits of con-
verging subsequences? 

How many converging subsequences can one have? 
Finitely many? Countable many? 

Professor C was happy to see that by giving the podium 
over to her students, she enabled them to classify cases, con-
trol the material and make up conjectures. Having read about 
the effect of reversing an existing internalized process, which 
is a high mental activity in the development of a concept 
(Arnon et al., 2014), Professor C asked her students to work 
as a group on concocting examples of countable sets 
(sequences) that admit 1, 2, 100, and finally countably many 
limit points (converging subsequences). The exercise was 
challenging, and each group had to pick a representative to 
present its findings. 

Then came the ultimate question of whether a countable 
set E may admit uncountably many limit points. In prepara-
tion for this question, Professor C held a mini session 
reviewing properties of the set ℚ of rational numbers, espe-
cially its density. Finally, a conjecture was placed on the table 
and verified later, namely that all points in the interval [0,1] 
qualified as limit points for F. While in the process of conjec-
turing, students used their natural voices, which Professor C 
purposely mirrored, while focusing on the learners’ contribu-
tion (in terms of meaning, not form). 

By then, the Word Wall contained words such as straddle, 
zoom, distances, shrinking and uniform. 

At the following session, after declaring that they had 
exhausted all types of countable sets, the class was ready to 
classify uncountable sets according to all possible positions 
of each set’s limit points. The first type of uncountable set 
they considered was intervals, G=(a, b) or [a, b]. 

Let us peek at their subsequent conversation: 

The sets I(x) as we described would still be nested, 
regardless. 

Can we simulate neighborhoods zooming in on the sup-
posed limit points while watching the overlap with G? 

When we let k → ∞ in Ik(x) = N1/k(x) ⋂ G, we are 
restricting the radii of the neighborhood of zero to be 
only rational. Why are we being restrictive? Maybe we 
will miss some overlap? 

We have to focus on the overlap between these neigh-
borhoods and G. Once we really know those 
intersections, we should be able to see several overlaps 
I(x) at once, and not as isolated cases for one (rational) 
radius at a time. 

In all the above, when the students were about to resort to 
technical terms to express their intervention, Professor C 
reminded them to stick to their own language. 

Now the Word Wall included approach, attack, shrink, 
straddle, closer, embedded, overlaps, matches, hugs, nar-
rower, partially included and totally included. Soon these 
terms became part of the collective class dictionary. 

One student suddenly declared: “This reminds me of flip 
books and an activity in the design course, where we had to 
draw successive images that give the impression of an ani-
mated optical illusion of continuous movement.” The class 
applauded her insight. 

Again, Professor C made sure to steer the conversation 
back to the classification of cases through examples of 
uncountable sets. The discussion went something like this: 

Let’s imagine scrolling with our finger (continuously) 
toward that (limit) point, with no interruption; and let’s 
assume that a buzzing is heard every time our finger 
hits a point from the set G. Then in order for x to qual-
ify as a limit point of G, we need to hear a continuous 
buzzing no matter how close our finger gets to x. 

Wow, yes!! This way the approach is REAL, not dis-
crete and we avoid restricting on r values of the form 
1/k, which was random and limiting. 

Also, one should try sliding toward x from either side. 

This student successfully expressed this continuous process 
with his personal voice. 

Professor C saw in this last remark a revelation: that students 
could distinguish between the case of countably many nested 
neighborhoods (suggested by r=1/k), and the uncountable 
‘dynamic’ collection of nested neighborhoods approaching the 
limit point zero. She wanted to enquire whether moving from 
the discrete approach to the continuum was triggered only by 
the fact that the set G was a continuum, whereas the set E was 
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discrete. When she presented this question to the class, they 
were alarmed; but they conferred and decided that the process 
was the same, regardless of the nature of the set. 

Convinced by the power of naming things, Professor C 
could not resist asking the class to name this method. The 
class settled for the expression the buzzing technique. 

At this stage, for verification purposes, a group of students 
proposed revisiting all previously worked cases and exam-
ples through the lens of this buzzing technique. They got so 
excited about it that one student suggested to use it in lieu of 
the definition of a limit point. This technique is more elemen-
tary, appealing and natural than the definition and requires 
fewer proven facts. Finally, the class agreed to call it a Crite-
rion, because it is a practical way for verifying the definition. 

So far, the considered cases were sequences like E, count-
able sets like F, and finally intervals like G. 

A student at the back of the classroom exclaimed: 

It makes more sense to classify these sets according to 
the empty spaces between points. It is sometimes easier 
to explain a concept through its negation or nonexis-
tence, such as the term void. 

When inspecting the case of the interval G=(a,b), another 
student came to a sudden realization: “It is possible that there 
comes a time where a neighborhood is residing fully in G!!!” 
Such special cases were spelled out, defined and classified later. 

A lengthy discussion about positions of limit points took 
place during a full session where the class was divided into 
working groups. Each group selected a representative to 
deliver the group’s findings. Each had a job: labeling, finding 
examples, classifying according to examples, sub-definitions 
and generalizations. Theories were conjectured and commu-
nicated through natural everyday language. 

They deliberated: “If there comes a time when the buzz is 
non-interrupted and continuous, then we have a special limit 
point.” 

At this stage, Professor C saw an ideal opportunity to 
properly introduce the definitions and properties of interior 
and boundary points, which fell right into context. This was 
a chance for her to echo what students were saying and to 
encourage them, while focusing on their verbal contribution. 
To complement the process of meaning making, Professor C 
reiterated students’ expressions, mirroring her students’ find-
ings, thus positively reinforcing their contribution to the 
class discussion. The conventional terms, which echoed the 
textbook rhetoric, gave students the confidence of actual cre-
ators of mathematics. 

Students distinguished limit points within the set from 
those outside the set. 

Limit points coincide with endpoints sometimes. 

If a set contains an interval within it, then all those 
points are limit points. 

Professor C had read about the role of versatile examples 
in understanding concepts (Parameswaran 2010). She asked 
the class to come up with examples that illustrated all such 
cases: examples of limit points that are not interior points, 
interior points that are not limit points (if possible), boundary 
points, etc. They soon went back to the former sets E, F and 

G and checked for interior points and boundary points. 
Throughout this journey, the learners felt comfortable choos-
ing their individual words while Professor C confirmed their 
findings, making sure she replaced their reflected terms with 
conventional ones whenever possible. 

At the end of the discovery session, Professor C was 
pleased to see that the learners were engaged in the material 
to the point that they could naturally anticipate the emergence 
of subsequent concepts–such as the interior point, boundary 
point, the interior of a set, closed and open sets and the clo-
sure of a set–an outcome she had not anticipated. She 
reiterated students’ expressions mirroring their findings, 
assigning the proper terminology to their findings and posi-
tively reinforcing their contribution to the class discussion 
and to the process of meaning making. She was happy with 
the way the Word Wall helped her evaluate the students’ col-
lective degree of learning. 

She confirmed to herself that expressing mathematics in nat-
ural language made the material less intimidating, more 
accessible and above all, believable and discoverable, and 
decided to use this pedagogy when explaining other mathemat-
ical contexts, especially when faced with dense definitions. 
She was happy to see the individualized and authentic answers 
that had surfaced throughout the discussion. 

Compared to her former classes, where she used more or 
less a traditional teaching method, her current students 
showed a clear improvement, especially when it came to con-
structing examples with a predetermined number of limit 
points. She made a promise to herself to apply this technique 
in her other classes, while admitting that some students were 
still satisfied with rough intuitive sketches and tended to 
neglect the formal mathematical presentation. 
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What does the dichotomy do? 

DAVID WAGNER 

Are dichotomies bad? 

☐ Yes. 

☐ No. 

Hmm. Is yes a real option? To choose yes would require buy-
ing into a dichotomy. I cannot answer no because I recognise 
potential dangers in some dichotomies. And I cannot answer 
yes because dichotomies and other conceptual frames can 
serve us well. 

I appreciate the dialogue about dichotomies extended by 
Campbell and Yeo in issue 42(2) as a prompt for reflecting 
more on dichotomies and other conceptual frames. Campbell 
and Yeo were responding to concerns raised by reviewers. In 
our field we may have especially strong wishes for clear dis-
tinctions, given our mathematical backgrounds, but these 
distinctions tend not to be so clear in our research. I too have 
had reviewers of my work question categories I set up in con-
ceptual frames, and question diagrams for being insufficiently 
fuzzy. Yes, life and reality are much more complicated than 
any categories or descriptions we invoke to understand a situ-
ation. And even though our mathematics backgrounds may 
predispose us to love clear distinctions, histories of mathemat-
ics remind us that mathematicians also love to develop 
alternative distinctions and identify complexities. 

As an editor (of a different journal), I have read very many 
reviews. My sense is that when reviewers question the use of 
a dichotomy, they are not necessarily questioning all 
dichotomies. They only raise the question when a particular 
dichotomy (or a particular conceptual frame) is invoked in a 
particular way. Usually, I find that the reviewer wishes for 
more recognition of the complexity of the situation. This 
could mean wishing for less clear-cut boundaries around  
categories. It could mean wishing for the authors to acknowl-
edge that their chosen dichotomy is a choice about how to 
look at a situation, and thus a different dichotomy or a differ-
ent conceptual frame could have been used to highlight 
different things. For me the important question in any situa-
tion is not whether dichotomies (or other conceptual frames 
are good), but rather: What does the use of this conceptual 
frame do for/to us? 

First, I ask what a conceptual frame does for/to me as a 
researcher? When I choose a distinction or set of distinctions 
to mediate my experience of a phenomenon, I am choosing to 
ignore other possible distinctions. This is true for both math-

ematical and research concepts. Mathematically, my choices 
about what to notice about a set of numbers, for example, 
impacts what I see in them–even versus odd, composite ver-
sus prime, perfect squares, etc. Mathematical examples help 
me see conceptual frames in terms of their functionality; 
what does the concept allow me to do? Having a repertoire of 
concepts makes my mathematics stronger as I can choose 
from my repertoire based on the context and my purposes. It 
would be ridiculous to commit to one concept to use in all 
contexts. Now I ask myself if the same reasoning applies to 
conceptual frames in research. Does having a repertoire of 
conceptual frames strengthen my research? Is it reasonable to 
consider conceptual frames for their functionality? I think the 
answer is yes to both these questions. 

Second, I consider the impact of my conceptual choices on 
readers. Eco (1994) described how texts construct the model 
reader. In other words, the lexical, grammatical and concep-
tual choices made by authors direct the attention of readers to 
experience the phenomena in the way the author chose to 
describe it. However, turning my attention to readers helps 
me see the positioning of conceptual choices. As an author, I 
can position my chosen conceptual frame as natural or 
uncontested. Alternatively, I can recognise the choice 
involved and thus remind readers that other conceptual 
frames may be possible for different effects/functions.  

This distinction between positioning my conceptual 
choices as natural or as functional is in some ways like ques-
tions about what is good; is there an objective standard for 
evaluating whether something is good, or is the question rel-
ative and thus dependent on context and objectives? Just as a 
mathematics teacher directs attention to focus on certain 
ideas by ignoring others, in my research reporting I use many 
concepts but need to focus my readers’ attention on the con-
cepts that are key to the matter at hand. As an editor, I find 
that the judgment involved in such decisions is especially dif-
ficult for researchers because they are very immersed in their 
contexts. I find the role of reviewers to be especially helpful 
in directing authors to elaborate on certain conceptual 
choices and (less often) to reduce attention to others.  

When we act as reviewers (no matter what journal we are 
reviewing for), discussion about dichotomies, and how we 
judge them as good, may help us be clearer about what dis-
turbs us about a manuscript’s conceptual framing. When we 
act as authors, such discussion may help us to use our con-
ceptual frames carefully, acknowledging the complexities of 
the realities being analysed and the subjectivity of our 
choices of frames, and also to be attentive to which concep-
tual choices are necessary to elaborate on for readers. 
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