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Io what extent are pupils able to generalise pictorial pat­
terning tasks in multiple ways? What is the relationship 
between the embodied processes of pattern generalisation 
and the visualisation of pictorial cues? This paper seeks to 
explore these questions through a novel combination of the­
oretical ideas: enactivi.sm, figural apprehension, and the 
theoretical construct of knowledge objectification 

Our initial interest in the way pupils visualise pictotial 
patterns was sparked by an earlier investigation into the 
extent to which question design influenced pupils' 
approaches to pattern generalisation tasks (Samson, 2007) 
We were fascinated by the remarkable diversity of expres­
sions which pupils were able to generate for the general term 
of a pictorial pattern. While some of these expressions were 
arrived at through numerical considetations, we were partic­
ularly interested in those that were based on visually 
mediated strategies In this earlier study, pupils were only 
requited to come up with a single expression for the gen­
eral term We thus began to wonder to what extent individual 
pupils would be able to articulate multiple expressions for 
the general term using different modes of visualisation A lit­
eratm e review revealed that very little empitical reseaich 
has been reported in this area 

Multiple representations have long been recognised as 
being of fundamental importance in developing an appreci­
ation for the interconnections between different aspects of 
mathematics Within the specific context of figural pattern 
generalisation, a multiple representational view has the 
potential not only to lead to an exploration of the notion of 
equivalence, but also to encouraging pupils to critically 
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Look at the diagrams shown above. Shape 3 requires 11 matchsticks while shape 5 
requires 17 matchsticks 
(a) Write down an algebraic formula that will determine how many 

matchsticks are needed to build the nth shape. 
(b) Terry says the formula is 2(n +I)+ n while Jeff says the formula is 

I+ 3{n - I)+ 4 By referring to the diagram. explain how Terry and 
Jeff arrived at their respective formulae. 

Figure I Typical question encouraging a multiple repre­
s·entational view of pattern generalisation 

engage with the underlying physical structure of the figural 
cue as seen from alternative points of view. By way of 
example, a typical pedagogical strategy is to suggest various 
equivalent algebraic expressions for the general term of a 
pictorial pattern Pupils are then encouraged to arrive at 
plausible explanations for each expression by referring to 
the physical structure of the provided context. Figure I illus­
trates a typical example 

While such a pedagogical approach may be useful for 
some pupils, for others it may well create additional com­
plications. Not only is there an inherent ambiguity in the 
structure of the algebraic expressions - in Figure 1 fOt exam­
ple, 2(n + !) could represent either 2 multiples of (n + I) 
matchsticks or (n + I) multiples of 2 matchsticks - but an 
additional cognitive demand is placed on pupils who write 
algebraic expressions in non-standard fOtmat (e.g., n x 3 as 
opposed to 3n) 

Our interest in a multiple representational view of pat­
tern generalisation lies at a more fundamental level and 
seeks to explore the inteHelationship between the embodied 
processes of pattern generalisation and the visualisation of 
pictorial cues. While our present interest lies in establishing 
a framework of analysis through a novel combination of theo­
retical ideas - enactivism, figural appr.hension, and knowledge 
ob1ectijication - our ultimate objective is to provide practical 
strategies which support and encourage a multiple repre­
sentational approach to pattern generalisation in the 
pedagogical context of the classroom 

Enactivism 
From an enactivist perspective, the act of perceiving some­
thing is not a process of recovering properties of an external 
object. Rather, "perception consists of perceptually guided 
action" (Varela, as quoted in Lozano, 2005, p. 26) Thus, 
we perceive things in a certain way because of the manner in 
which we relate to them through our actions (Lozano, 2005) 
This idea is succinctly stated in Maturana and Varela 's 
(1998, p. 26) aphorism: "All doing is knowing, and all 
knowing is doing" Thus, knowledge depends on "being in a 
world that is inseparable from our bodies, our language, and 
om social history - in short, from om embodiment" (Varela, 
Thompson & Rosch, 1991, p. 149) For Varela et al (1991), 
who build on Merleau-Ponty's phenomenology, it is critical 
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that we see om bodies as both physical (biological) strnc­
tures as well as lived, phenomenological structures Thus, 
embodiment has an important double sense: "it encompasses 
both the body as a lived, expetiential structure and the body 
as the context or milieu of cognitive mechanisms" (Varela 
et al, 1991, p. xvi). While the phenomenological level is 
accessible to consciousness, there is a large cognitive uncon­
scious below the surface of consciousness (Johnson, 1999, 
p. 82; Lakoff & Johnson, 1999, p 103) 

Enactivist themy btings togethet action, knowledge and 
identity so that there is a conflation of doing, knowing, and 
being (Davis, Summa & Kieren, 1996) Within an enactivist 
framework there is a pmposeful blmting of the line between 
thought and behaviom (Davis, 1997, p 370), and cognition 
is thus viewed as an embodied and co-emergent interactive 
process where the emphasis is on knowing as opposed to 
knowledge Rathet than the tepresentation of a pte-given 
world by a pre-given mind, enactivism sees cognition as "the 
enactment of a wotld and a mind on the basis of a histmy 
of the vmiety of actions that a being in the world perfmms" 
(Vmela et al, 1991, p. 9), thus foregrounding the mind-body 
unity that lies at the hemt of enactivism 

Discussing mathematics cognition and education, Simmt 
(2000) chaws attention to the distinction between behaviour 
as caused by featmes or constraints in the environment and 
the notion of understanding as being occasioned by one's 
interactions with the environment. Enactivist theory rejects 
the notion of optimal knowledge m ultimate Irnth in favom 
of effective m adequate action - a "smvival of the fit" logic 
(Matmana & Varela, 1998) In terms of individual cogni­
tion this position suggests that lemning "[ ] is not a process 
of selecting 'correct actions' but of discarding those actions 
that do not wmk" (Davis et al, 1996, p 166) This notion 
of viable action as opposed to optimal action is thus one of 
prnsctiption rnthet than presctiption (Vmela et al., 1991) 
In the absence of ultimate criteria, the enactive view of cog­
nition can be seen as one of transformational potential 
(Campbell & Dawson, 1995) 

However, in order for this transformational potential to be 
realised, these potentialities for change must first be "recog­
nised" in the environment through internction (Proulx, 2004, 
p 116) If one is unable to "see" the triggers in the environ­
ment then one cmmot be "affected" by them In othet words, 
"we can only experience what our embodiment allows us to 
experience" (Johnson, 1999, p 81) Or as Proulx (2004) suc­
cinctly puts it, "You get triggeted by what you CAN get 
triggered by" (p. 119) 

As Davis (1995) comments, language and action me not 
merely outward manifestations of internal workings, but 
rnther they are "visible aspects of [ ] embodied (enacted) 
understandings" (p. 4) For Davis et al (1996), enactivism 
prompts us not only to consider the fotmal mathematical 
ideas that emerge from action, but to give close scrutiny to 
those preceding actions - "the unformulated explorntion, the 
undirected movement, the unstructured interaction, wherein 
the body is wholly engaged in mathematical play" (p. 156). 
As Nunez, Edwatds & Matos (1999) mgue, the nature of 
situated cognition cannot be fully understood by attending 
only to social and contextual factors. Lemning and thinking 
are also situated ''within biological and experiential con-
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texts, contexts which have shaped, in a non-arbitrary way, 
our characteristic ways of making sense of the world" 
(Nunez et al, 1999, p 46) Indeed, Nunez et al. go fmther to 
suggest that while om understanding of mathematics may 
well be socially and cultmally situated, it is "the common­
alities in our physical embodiment and experience that 
provide the bechock for this situatedness" (p. 63) 

Perception and knowledge objectification 
From an enactivist stance perception needs to be considered 
as a fully embodied process - a complex activity related to the 
manner of om acquaintance with the objects of perception, in 
other words the activity that mediates om experience with 
objects (Radfmd, Batdini & Sabena, 2007) An intenoga­
tion of the embodied processes of perception thus needs to 
focus on the phenomenological reahn of students' experience 
in order to emphasize the subjective dimension of knowing 
(Radford, 2006). Radford (2008, p 8 7) refers to the process 
of making the objects of knowledge apparent as objectifica­
tion, a multi-systemic, semiotically mediated activity dming 
which the perceptual act of noticing prngressively unfolds 
The objects, tools, linguistic devices and signs used by indi­
viduals in social meaning-making processes to achieve a 
stable form of awareness, he refers to as the semiotic means 
of objectification (Radford, 2003, p 41) Such semiotic 
means of objectification could include: words and linguistic 
devices; metaphor and metonymy; gestures; rhythm in 
speech and gesture; graphics and the use of artefacts 

Such a multi-semiotic view of knowledge objectification 
takes cognizance of the principle of non-redundancy (Ben­
veniste, 1985, p. 235), the notion that diffetent semiotic 
systems allow for different fmms of expressivity (Radford, 
2006, p .. 7) Each semiotic system opens up a different space 
of possible action and thus has the potential to shape enac­
tive processes of construction (lozano, Sandoval & 
Trigueros, 2006, p 90; Radfmd, 2003, p 41) In addition, 
such a multi-semiotic view displays an enactivist sensitiv­
ity fm the process of objectification in which the interplay of 
a variety of semiotic means/systems is seen to have a fun­
damental rnle in knowledge fotmation and in which 
cognitive activity is seen as being "embodied in the corpo­
rnlity of actions" (Radfotd et al, 2007, p 508) 

Visually mediated approaches to pattern generalisation 
tasks set within a pictorial context provide for an interesting 
intetplay between two different modes of visual perception: 
sensory perception and cognitive perception (Rivera & 
Becker, 2008) These different modes resonate with Fis­
chbein's (1993) themy of figural concepts, and the notion 
that all geometrical figures (m figural objects) possess, 
simultaneously, both conceptual and figmal propeities 
Mariotti (as cited in Jones, 1998, pp 30-31) sttesses the 
dialectic relationship between figure and concept as an 
impmtant internction in the field of geometry, a relationship 
that can create tension from a student's perspective We 
suggest that a similar tension is likely to underlie visual 
strategies applied to pattern generalisation tasks set within a 
pictorial context. In order to explore this visual tension, 
the notion of figmal apprehension as espoused by Duval 
(1995, 1998, 1999) was identified as providing a useful 
framework 



Figural apprehension 
Duval (1998, p .. 41) makes the pertinent point that most dia­
grams contain a great variety of constituent gestalts and 
sub-configmations - far more than those initially identified 
at first glance or those made explicit through construction 
or accompanying discursive statements. Critically, it is this 
surplus that constitutes the heuristic power of a geometrical 
figure, since specific sub-configmations may well trigger 
alternative solution paths 

Although Duval's notion of figural apprehension was 
developed within a more classical geometry context, with 
only slight modifications it can readily be adapted to other 
contexts involving geometrical figures Ihe four different 
modes of apprehension are perceptual, sequential, discur­
sive and operative These are explained in reference to 
Figure 2 which shows an initial visual stimulus (the 2nd 
term of an arithmetic sequence) along with possible out­
comes (i.e, algebraic expressions for the nth term) for each 
of the four modes of figural apprehension: 

Perceptual apprehension the initial apprehension of 
a figure - what we see in a perceived figure at first 
glance as determined by the unconscious integration 
of Gestalt laws of figural organisation (Duval, 1995) 
During perceptual apprehension it is possible to dis­
criminate between component sub-figures of the 
perceived figure. By way of example, the visual stim­
ulus shown in Figure 2 could be subdivided into 
squares and triangles This could potentially lead to a 
complicated algebraic expression for the general term 
which would need to take into account ovetlapping 
matches: Tn ~ 4n - (n - 1) + 3(2n) + 6 - (2n + 2) 

Sequential apprehension. the emergence of sub­
figures or elementary figural units which stem from 
either the construction of the perceived figure, or a 
description of its construction Specific sub-fig­
ures or elementary units arise not from unconscious 
laws of figural organisation, but from the physical 
process of construction. Sequential apprehension 
could arise from noticing that the construction 
(either mental or physical) of each subsequent term 
requires the insertion of a 7-match additive unit 
This has the potential to yield the general expres­
sion Tn = 7n + 5 

Discursive apprehension: a process of perceptual 
recognition during which certain gestalt configu­
rations gain prominence due to an association with 
discursive statements accompanying the geomet­
ric figure Within a classical geometry context this 
relates to the limitation that it is not possible to 
determine the mathematical properties represented 
in a figure through perceptual apprehension alone 
The provision of initial discursive criteria is also 
necessary Discursive apprehension may be invoked 
by accompanying the visual stimulus shown in Fig­
ure 2 with the wording "for 2 squares you need a 
total of 19 matches", thus foregrounding the struc­
tural unit of the square. This could potentially yield 
the general expression Tn ~ 4n - (n - 1) + 2(2n + 2) 
where, after counting squares and adjusting for 

Perceptual apprehension 
T,, .:o4n -(n -1) + 3(2n) + 6-(2n + 2) 
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T, = 4n -(n -1) + 2(2n + 2) 
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Operative apprehension 
T, =2n+(n+l)+4n+4 

Figure 2 Possible outcomes for different modes of figural 
apprehension 

overlapping units, the remaining matches are seen 
as V-shapes around the perimeter. 

Operative apprehension relates to the various ways 
by which a given figure can be modified while 
retaining the properties of the figure, for example 
by a reconfiguration of the whole-part relation 
through a recombination of various elementary fig­
ural units. Operative apprehension may allow the 
visual stimulus to be seen in terms of horizontal 
lines, vertical lines, V-shapes above and below, and 
a constant 2 matches at either end Expressed alge­
braically, this yields Tn ~ 2n + (n + 1) + 4n + 4 

Within the context of pattern generalisation, perceptual 
apprehension may on occasion be sufficient to generalise a 
given figural pattern However, perceptual apprehension will 
not necessarily evoke gestalts which are appropriate to the 
generalisation process. An inability to move beyond mere 
perceptual apprehension of a figure can lead to what Duval 
(1999, p 17) refers to as heuristic deficiency.. In order to 
actualise the hemistic potential of a diagram it is necessary 
not only to be aware of the scope of the diagram but also to 
be able to use it flexibly (Rosken & Rolka, 2006) Being 
able to see a diagram in multiple ways thus necessitates a 
move beyond perceptual apprehension. This raises an impor­
tant question: what are the embodied processes that either 
hinder or assist pupils in moving flexibly between different 
modes of apprehension? 

Combining Three Theoretical Ideas 
Within the context of figural pattern generalisation, the 
processes of visualisation and generalisation are deeply inter­
woven Pattern generalisation rests on an ability to grasp a 
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commonality from a few elements of a sequence, an aware­
ness that this commonality is applicable to all the terms of the 
sequence, and fmally being able to use it to articulate a direct 
expression for the general term. Inherent in this notion of 
generalisation are (a) a phenomenological element related to 
the grasping of the generality, and (b) a semiotic element 
related to the sign-mediated articulation of what is noticed 
in the phenomenological realm (Radford, 2006, p. 5) 

The relationship between the embodied processes of pat­
tern generalisation and the visualisation of accompanying 
pictorial cues is undoubtedly complex. However, we believe 
that an analysis based on the combination of enactivism, fig­
ural apprehension, and knowledge objectification has the 
potential to shed light on this inter-relationship, showing 
sensitivity to both the phenomenological and semiotic 
aspects of figural pattern generalisation 

An important aspect of figural pattern generalisation lies 
in the notion that such pictorial cues possess both figmal and 
conceptual properties, each of which resonates with a differ­
ent mode of visual perception - sensory and cognitive, 
respectively. This position perhaps seems somewhat at odds 
with an enactivist view of perception as being a fully 
embodied process However, we are not suggesting that 
these two modes of perception are independent of one 
another, or that they are able to occm in isolation: a draw­
ing of a triangle, for example, can only be perceived as such 
through a combination of both sensory and cognitive per­
ception Indeed, one could argue that sensory perception 
cannot occm without cognitive perception - a view that res­
onates strongly with the mind-body unity that is the core of 
enactivism Nonetheless, we believe that the distinction 
between figural and conceptual properties provides a use­
ful framework to discuss figural pattern generalisation 
Perhaps an appropriate analogy would be that of a Mobius 
strip, where figmal and conceptual properties are simply dif­
ferent aspects of the same phenomenon depending on the 
stance of the observer 

Although figural cues contain simultaneously both figmal 
and conceptual properties, and while it is acknowledged that 
perception is at once both sensory and cognitive, what is 
important is the nature of the figural and conceptual prop­
erties of pictorial cues within the context of pattern 
generalisation. A stand-alone visual stimulus such as that 
given in Figure 2 can be considered figural to the extent 
that it is a geometrical figure. As such, it could be visualised 
in any number of ways - overlapping squares and triangles; 
horizontal matches, vertical matches and V-shaped units; 
overlapping squares and V-shaped mtits around the perime­
ter; triangles around the outside with a single vertical match 
in the middle. However, the moment the visual stimulus is 
seen to be a term in a sequence of pictorial terms with simi­
lar structures - either by the physical presentation of one or 
more additional terms of the sequence or by a verbal expla­
nation of the scenario - then it immediately takes on 
conceptual properties. Thus, the visual stimulus given in 
Figure 2 can be considered to contain conceptual properties 
by virtue of it being a pictorial term in a sequence of terms 
containing one or more common chaiacteristics 

A visual cue such as that shown in Figure 1 thus contains 
simultaneously both figmal and conceptual properties Each 
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Shape 3 Shope5 

Visually mediated expressions for the nm term suggested and justified by 
a single research participant: 

3n+n-l 

4n-I 

4(n-J)+3 

3(n-1)+4+n-2 2n+n+n-1 

n+n+n+[n-1] 2(2[n-!J)+3 

n+3(n-1)+2 3n+3(n-l)-[2n-2J 

Figure 3 Two non-consecutive terms of a figural pattern 

"shape" is in its own right a geometrical figure, but in the 
given context, it is also part of a sequence of similar terms 
and thus contains associated conceptual qualities What is 
important here is that there will be interplay between the fig­
ural and conceptual properties, resulting in different 
apprehensions of the visual stimulus. While some of these 
apprehensions may evoke gestalts which are appropriate to 
the generalisation process, others may simply obfuscate or 
complicate the process 

What follows is a short vignette to illustrate these ideas In 
particular, the vignette demonstrates how the combination of 
enactivism, figmal apprehension and knowledge objectifi­
cation provides complementary multiple perspectives to the 
framework of analysis 

Vignette 
Grant, a high-ability Grade 9 pupil, was presented with the 
two non-consecutive terms shown in Figure 3 In the space 
of one hour he managed to determine nine different visually­
mediated expressions for the nth term of the pattern We 
were surprised by the diversity in the algebraic expressions 
shown in Figme 3 Although algebraically equivalent, each 
expression was airived at through a different mode of visual 
apprehension, and Grant was able to fully justify each of 
his expressions through a verbal description of his visual 
apprehension of the pictorial pattern 

The vignette which follows describes the 31/z minutes 
Grant spent arriving at the expression n + n + n + [n - l] 
through a process of operative apprehension. This was the 
fifth general expression Grant was able to arrive at for the 
given visual stimulus and, to place the expression in context, 
his visual apprehensions fOr the preceding four expressions 
are shown in Figures 4 - 7, all of which are illustrated for T4 

Grant's initial apprehension (i e. his perceptual appre­
hension) of the figmal cue shown in Figure 3 was in terms of 
overlapping upward-pointing and downward-pointing tri-

n - 1 horizontal matches 

/\ /\ /\/\ 
n triangles requiring 3n matches 

Figure 4 Grant's apprehension for the expression 
I~~ 3n + n-1 



(n - 1) triangles requiring 3(n - 1) matches 

L_ n- 2 horizontal match~s . I 
4 constant matches _____J 

Figure 5 Grant's apprehension for the expression 
I~~3(n-1)+4+n-2 

angles - Shape 3 containing a total of five such triangles and 
Shape 5 containing nine. To arrive at a general expression 
for the nth term from this apprehension would have required 
a relatively complicated correction for the overlapping 
matches Rather than attempting this, Grant was able to sub­
consciously reconfigure the whole-part relation of the given 
pictorial terms into upward-pointing triangles and an upper 
honzontal row of n -1 matches (Figure 4), aniving at a gen­
er~l expression 3n + n - 1. His second general expression 
(Figure 5) stemmed from a finther reconfiguration of the fig­
ura~ cue into n - 1 downward-pointing triangles, n - 2 
honzontal matches along the bottom, and a constant 2 
mat?hes. at either end Figure 6 shows yet another reconfig­
matlon mto an upper 1ow of n - 1 matches, a lower row of 
n matches, and 2n matches fOr the central zigzag The recon­
figurations of the whole-part relation of the pictorial terms 
as shown in Figures 4 - 6 represent operative apprehension 
in Duval 's nomenclature The fourth general expression as 
shown in Figure 7 was arrived at through a process of phys­
ically ~uilding the 4th term of the sequence using 
matchsticks and thus represents sequential apprehension 

In order to arrive at his 5th general expression, Grant 
began by counting the forward-leaning parallel matches of 
Shape 5 from left to right. After a brief pause he then worked 
his way back from right to left counting the backward-lean­
ing parallel matches He then counted the remaining top and 
bottom matches in pairs, rhythmically alternating between 
top and bottom as shown in Figure 8: 1, 2 3, 4.. 5, 6. 7, 
8 9. Rhythm, whether in speech or gesture, is not merely 
the perception of order, it is "the demand, preparation and 
anticipation for something to come" (You, 1994, p 363). 
There is thus an inherent sense of expectancy associated 

n - 1 horizontal matches 

/\/\/\/\~~~~~~~al 
n horizontal matches 

Figure 6 Grant's apprehension for the expression 
Tn = 2n + n + n + n-1 

r-- "-1" 

·-;\-/'\ /\ /\ 
n 4-match additive units requiring 4n matches 

Figure 7. Grant's apprehension for the expression 
T~ ~4n-1. 

with rhythm, and it is seen as a crucial semiotic device in the 
process of generalisation (Radford et al., 2007, p. 522). This 
counting procedure was thus central in alerting Grant, 
whether consciously or unconsciously, to the non-paired 
match in the bottom row. Based on this counting procedure, 
Grant was able to arrive at the following general expression 
for the nth term of the sequence: n + n + 2n -I 

Grant was able to justify his general expression (n + n + 
2n -1) by relating then+ n portion to two sets of "parallel 
central matches", while the 2n - I he associated with what he 
refer1ed to as the "outside matches" Just prior to writing 
the 2n - 1 part of the expression, Grant made use of indexi­
cal gestrning - he first gestrned a horizontal line across the 
top of Shape 5 and then a second horizontal line across the 
bottom of Shape 5 He also made the comment that "it'll 
alwars be one less on top", use of the word "always" per­
fomung a generative action function (Radford, 2000, p 248) 
and thus aiding the notion of generality 

Interestingly, there seems to be a slight mis-match 
between the 2n - 1 portion of Grant's expression and his 
indexical gestrning of the top and bottom rows of matches in 
Shape 5 - the "outside matches" As Grant wrote down the 
2n - 1 expression he commented that he was just simplifying 
n + [n - 1] When asked to articulate how he was "seeing" it, 
he was insistent that he saw the structrne as n + [n - 1 ], i.e., 
in terms of n matches along the bottom and n - 1 matches 
along the top, and that the 2n - 1 portion of his expression 
was in fact an algebraic simplification of n + [n - 1] Grant 
went further to describe the [n - I] as representing the "top 
gap-filling matches", a metaphorical visualisation of the 
spaces between the inveited V-shapes created by the two 
central series of parallel matches Grant then re-wrote his 

Co1J1ting 
procedure #1 

Counting 
procedure #2 

Comting 
procedure #3 

Figure 8. 

y\z/\o/\41\1\ 

1 3 5 7 

/\/\/\/\/\ 
2 4 6 8 9 

Grant's different counting procedures 
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expression for the nth term as n + n + n + [ n - 1] which he 
explained as being a t.Iuer representation of his visual appre­
hension of the pictorial pattern 

There seems to be an interesting tension between two dif­
ferent modes of operative apprehension with figural 
modification having been accomplished by means of a 
recombination of various elementary figural units in two dif­
ferent ways. Although Grant ultimately presented the 
expression n + n + n + [ n - I] as being representative of his 
apprehension of the figural pattern under investigation, his 
initial formula was n + n + 2n - 1 

Both formulae suggest a sub-division of the "central" 
matches into n forward-leaning and n backward-leaning par­
allel matches. However, the remaining "outside" matches 
seem to be sub-divided differently in each of the two formu­
lae. The initial formula n + n + 2n - 1 suggests that the 
"outside" matches have been split into pairs - one match of 
each pair forming part of the upper horizontal row with its 
paired match positioned below it in the bottom row. The 2n -
1 "outside" matches in Grant's initial fOrmula seem to repre­
sent n pairs of matches, making 2n matches in total, the " - I" 
being an adjustment required due to the right-most pair miss­
ing a match in the upper row. However, his final expression ( n 
+ n + n + [n - l]) suggests that the "outside" matches were in 
fact sub-divided into two distinct horizontal rows, with n 
matches along the bottom and n - 1 matches along the top 

Grant maintained that in his initial expression he had writ­
ten 2n - 1 as an algebraic simplification of n + [n - 1] which 
in turn is likely to have been a remnant of an earlier opera­
tive apprehension, that shown in Figure 6 However, the 2n 
- 1 is likely to have been inspired by his counting proce­
dure shown in Figure 8, in which the rhythmical pairing of 
the top and bottom matches was central to alerting him to the 
non-paired match in the bottom row. Even though Grant's 
algebraic expression 2n - I retains what Radford (2002) 
refers to as a symbolic narrative, this narrative by no means 
has a unique interpretation. Seen in isolation, the 2n portion 
of the expression could equally represent either 2 multiples 
of n matches (top and bottom horizontal rows) or n multiples 
of2 matches (matches grouped in pairs) It was ouly tluough 
careful observation of the activity that mediated Grant's 
experience with the figural cues that the 2n portion of his 
general expression could be fully interpreted Thus, what is 
important here is that the visual tension inherent in Grant's 
fifth algebraic expression only became apparent through a 
combined analysis of multiple semiotic means of objectifi­
cation (linguistic devices, metaphor, gestures, rhythm, 
symbolic expressions) using a lens of figural apprehension 
within the context of figural pattern generalisation being 
viewed as a fully embodied process 

Concluding comments 
The purpose of this paper was to establish a framework of 
analysis for exploring the inter-relationship between the 
embodied processes of pattern generalisation and the visuali­
sation of pictorial cues We believe that the combination of 
three key theoretical ideas - enactivism, figural apprehension, 
and knowledge objectification - provides a powerful frame­
work that can be used to shed light on the embodied processes 
that either assist or hinder pupils' abilities to visualise figmal 
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cues in multiple ways within the context of pattern generali­
sation, and ultimately to provide practical strategies to support 
and encourage a multiple representational approach to pattern 
generalisation in the mathematics classroom 

literature relating to figural pattern generalisation gener­
ally falls into three broad categories of focus: (a) 
descriptions of solution strategies, (b) the affordances 
offered by technological environments, and (c) the transition 
between pupils' arithmetic and algebraic reasoning. These 
three categories tend to focus on the product of visualisation, 
while very little empirical research focusing on the process 
of visualisation seems to have been cartied out. Our frame­
work of analysis is significant in that it not only focuses 
specifically on the process of visualisation, but it does so 
from a fully embodied stance 

Furthermore, we believe that our framework allows for an 
additional depth of analysis when compared with other 
frameworks presently employed to analyse the process of 
pattern generalisation This extta layer of insight atises from 
the complementary multiple perspectives that constitute the 
framework of analysis. Not only does this framework 
acknowledge perception as being critically related to the 
manner of one's interaction with perceptual objects, but it 
also remains sensitive to both the phenomenological and 
semiotic aspects of the genetalisation ptocess This com­
bined lens allows the tesearchet access to the subtle yet 
powerful underlying tensions that exist as different modes of 
figural apprehension jostle for prominence 

The cognitive significance of the body has become one 
of the major topics in current psychology (Radford et al., 
2005, p 113) Furthermore, the use of multiple representa­
tions has been acknowledged as playing a central role in 
problem solving, the learning and understanding of mathe­
matical ideas, and the development of a deeper appreciation 
for the interconnections between mathematical concepts 
(Goldin, 2002; Greeno & Hall, 1997; Kaput, 1998) As Adler 
(2005) comments, "at the most basic level, we have yet to 
understand how to make mathematics leamable by all chil­
dren" (p 2) By focusing on issues of visualisation and 
pattern generalisation, centtal components of mathematical 
activity, this paper engages with the critical notion of math­
ematical accessibility 

Om research has a number of immediate implications for 
teaching mathematics While many teachers support a mul­
tiple representational view of pattern generalisation in the 
classroom, thete is a subtle ambiguity inherent in these 
expressions of generality. This ambiguity has the potential to 
open up interesting and powerful spaces for classroom dis­
course However, a necessaty prerequisite to capitalising on 
this potential is for teachers not only to be aware that such 
semantic ambiguity exists, but to be vigilant in terms of 
identifying it in the classroom context. Teachers need to 
have the confidence to validate multiple visually mediated 
interpretations of pictorial patterns. Where students have 
arrived at identical general expressions through different 
modes of figural apprehension, teachers will also need to 
help the class reconcile the different interpretations in a 
meaningful manner. Thus, not only does the teacher need to 
have both the visualisation and algebraic capacity to verify 
students' general expressions, there is also a need for teach-



ers to critically engage, at an embodied level, with stndents' 
explanations of their generalisation process 

Refetences 
Adler, J (2005) Mathematics for teaching: what is it and why is it important 

that we talk about it? Pythagoras 62, 2-11 
Benveniste, E (1985) The semiology of language In Innis, R E (Ed.) 

Semiotics:· An Introductory Anthology pp 228-246 Bloomington, IN: 
Indiana University Press. 

Campbell, S. & Dawson, A J.. (1995) Learning as embodied action In 
Sutherland, R. & Mason, J (Eds) Exploiting Mental Imagery with Com­
puters in Mathematics Education,. pp. 233-249. Berlin: Springer. 

Davis, B (1995) Why teach mathematics? Mathematics education and 
enactivist theory For the Learning of Mathematics 15(2), 2-9 

Davis, B (1997) Listening for differences: an evolving conception of math­
ematics teaching Journal for Researc.h in Mathematics Education 28(3), 
355-376 

Davis, AB, Sumata, D J. & Kieren, IE (1996) Cognition, co-emergence, 
curriculum. Journal of Curriculum Studies 28(2), 151-169 

Duval, R (1995) Geometrical pictures: kinds of representation and spe­
cific processings In Sutherland, R. & Mason, J. (Eds ) Exploiting 
Mental Imagery with Computers in Mathematics Education pp. 142-
157 Berlin: Springer 

Duval, R (1998) Geometry from a cognitive point of view In Mammana, 
C. & Villani, V (Eds.) Perspectives in the Teaching of Geometry for the 
21st Century, pp 37-52 Boston: Kluwer. 

Duval, R (1999) Representation, vision and visualization: cognitive func­
tions in mathematical thinking Basic issues for learning In Hitt, F & 
Santos, M (Eds) Proceedings of the 21st Annual Meeting of the North 
American Chapter of the International Group for the Psychology of 
Mathematics Edulation .. vol 1, pp. 3-26 Cuemavaca, Morelos, Mexico 

Fischbein, E (1993) The theory of figural concepts Educational Studies 
in Mathematics 24(2), 139-162 

Goldin, G A (2002) Representation in mathematical learning and problem 
solving In English, l D (Ed} Handbook of International Research in 
Mathematils Education,. pp. 197-218. Mahwah, NJ: Erlbaum 

Greeno, J.G. & Hall, RP (1997) Practicing representation Phi Delta Kap­
pan 78(5), 361-367. 

Johnson, Ml (1999) Embodied reason In Weiss, G & Haber, H.F. (Eds) 
Perspectives on Embodiment: The lnterseltions of Nature and Culture 
pp 81-102. New York, NY: Routledge 

Jones, K (1998) Theoretical frameworks for the learning of geometrical 
reasoning. Proceedings of the British Society for Research into Learning 
Mathematics 18(1&2), 29-34 

Kaput, J J (1998) Representations, inscriptions, descriptions and learning: 
a kaleidoscope of windows Journal of Mathematical Behavior 17(2), 
265-281 

Lakoff, G. & Johnson, M (1999) Philosophy in the Flesh. The Embodied 
Mind and its Challenge to Western Thought New York, NY: Basic 
Books 

Lozano, M D (2005) Mathematics learning: ideas from neuroscience and 
the enactivist approach to cognition For the Learning of Mathematics 
25(3), 24-27. 

Lozano, M.D , Sandoval, I I & Trigueros, M. (2006) Investigating mathe­
matics learning with the use of computer programmes in primary 
schools In.Novotn<i, J., Moraova, H Kn\.tka, M & Stehlikova, N (Eds.) 
Proceedings of the )0th Conference of the International Group for the 
Psychology of Mathematics Education, vol 4, pp 89-96 Prague: 
Charles University 

Maturana, HR & Varela, F J (1998) The Tree of Knowledge The Biologi-

cal Roots of Human Understanding (Revised edition) Boston, MA: 
Shambhala. 

NUfiez, R.E, Edwards, L D & Matos, J F (1999} Embodied cognition as 
grounding for situatedness and context in mathematics education Edu­
cational Studies in Mathematics 39, 45-65 

Proulx, J (2004) The enactivist theory of cognition and behaviorism: an 
account of the processes of individual sense-making In Davis, B , l uce­
Kapler, R & Upitis, R. (Eds) Proceedings of the SeLond Conference 
on Complexity Science and Educational Research, pp 115-120. [Online 
only., at www complexityandeducation ualberta ca/conferences/2004/ 
proceedings.htm] 

Radford, l (2000) Signs and meanings in students emergent algebraic 
thinking: a semiotic analysis Educational Studies in Mathematic<; 42(3), 
237-268 

Radford, L (2002) On heroes and the collapse of narratives: a contribu­
tion to the study of symbolic thinking In Cockburn, AD & Nardi, E 
(Eds.) Proceedings of the 26th Conference of the International Group for 
the Psychology of Mathematics Education vol. 4, pp 81-88 Norwich: 
University of East Anglia 

Radford, L (2003) Gestures, speech, and the sprouting of signs: a semiotic­
cultural approach to students' types of generalization Mathematical 
Thinking and Learning 5(1), 37-70 

Radford, L, (2006). Algebraic thinking and the generalization of patterns: 
a semiotic perspective In.Alatorre, S , Cortina, J l , S<iiz, M & Mendez, 
A. (Eds) Proleedings of the 28th Annual Meeting of the North American 
Chapter of the International Group for the Psychology of Mathematics 
Education. vol 1, pp 2-21 Merida, Mexico: Universidad Pedag6gica 
Nacional 

Radford, L (2008) Iconicity and contraction: a semiotic investigation of 
fomis of algebraic generalizations of patterns in different contexts ZDM 
Mathematics Education 40(2), 83-96. 

Radford, 1 , Bardini, C & Sabena, C (2007) Perceiving the general: the 
multisemiotic dimension of students' algebraic activity Journal for 
Research in Mathematics Edulation 38(5}, 507-530 

Radford, l , Bardini, C., Sabena, C , Diallo, P & Simbagoye, A (2005) 
On embodiment, artefacts and signs: a semiotic-cultural perspective on 
mathematical thinking In Chick, H l & Vincent, J 1 .. (Eds ) Proceed­
ings of the 29th Conference of the International Group for the 
Psylhology of Mathematics Edu[ation vol 4, pp 113-120 Melbourne: 
University of Melbourne 

Rivera, FD & B<:;cker, J.R (2008) Middle school children s cognitive per­
ceptions of constructive and deconstructive generalizations involving 
lineat figural patterns ZDM Mathematics Education 40(1}, 65-82 

R6sken, B & Rolka., K (2006) A picture is worth a 1000 words - the role 
of visualization in mathematics learning In Novotn<i, J, Moraova, H, 
Kratka, M & Stehlikova ,N (Eds.) Proceedings of the 30th Conferenle 
of the International Group for the Psychology of Mathematics Educa­
tion, vol 4, pp. 457-464 Prague: Charles University 

Samson, DA (2007) An analysis of the influence of question design on 
pupils' approaches to number pattern generalisation tasks Unpublished 
masters thesis Rhodes University, Grahamstown, South Africa 

Simmt, E (2000) Mathematics knowing in action: a fully embodied inter­
pretation In Simmt, E , Davis B. & McLoughlin, J G (Eds ) 
Proceedings of the 2000 Annual Meeting of the Canadian Mathematics 
Education S'tudy Group pp 153-159 Universite du Quebec a Mon­
treal 

Varela, F J, Thompson, E & Rosch, E (1991) The Embodied Mind. Cog­
nitive Science and Human Experience Cambridge, MA: :MIT Press. 

You, H (1994) Defining rhythm: aspects of an anthropology of rhythm 
Culture, Medicine and Psychiatry 18(3), 361-384 

43 




