RE-EXPLORING THE INTERSECTION OF
MATHEMATICS AND PEDAGOGY
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For a moment, consider the similarity between the following
two descriptions—one from mathematics and one from
teaching mathematics. In particular, attend to the ‘practice’
in these examples—the way of engaging in each of these
two types of activities that is being identified.

The power rule for derivatives states that if f{x) = x", then
f'(x) = nx*". Students learn about this rule in calculus; in real
analysis, they prove it. From Abbott’s (2015) real analysis
book: “Consider fix) = x*, where n € N, and let ¢ be any arbi-
trary point in R. Using the algebraic identity x" — ¢" = (x — ¢)
("' + cx"? + ... + ¢""), we calculate the familiar formula
F(©=limie[x' - ¢")/[x — c] = [...] = nc"". [QED]” (p. 148).
I call out Abbott’s specification of ‘n € N’ for two reasons:
1) the power rule is valid for all n € R, not just natural num-
bers; ii) the particular proof given is only valid for n € N, not
for any real number. Abbott is careful about the ‘domain’ on
which he is considering the power rule. Since the justification
is only valid on n € N, he correspondingly limits the scope of
the statement to only be about n € N. (The proof of the more
general power rule would then consist of subsequent state-
ments and proofs.) This instance exemplifies a broader
mathematical practice: when ‘doing’ mathematics, one
should be exacting, and explicit, in terms of acknowledging
assumptions, limitations, and scope. Although here it is in the
context of the power rule, it describes a normative way of
engaging in mathematical activity broadly.

In a classroom setting, this power rule for derivatives—
perhaps the most used rule in calculus—might be described
procedurally to students as follows: “To find the derivative of
a function with an exponent, bring down the exponent to the
front and subtract one from the exponent”. Looking at how to
transform f{x) = x" into f"(x) = nx""' makes the description sen-
sible. Yet, experienced mathematics teachers would reflect
further on this explanation. For instance, the description also
would apply to the function g(x)=e*, but this would lead to the
false conclusion that g’(x)=xe*". This points to a potential
cause for student confusion about, or misapplication of, the
described procedure. That is, the practices involved in
‘doing’ teaching demand a similar kind of engagement as that
which was highlighted in the mathematical example; the ped-
agogical practice of a teacher needs to attend to the particular
‘domain’ on which statements, or explanations, are valid.
This way of engaging is especially important in teaching
mathematics due to mathematics continuing to build over
time. Incorporation of this as a regular pedagogical practice
has implications in other contexts as well, such as interrogat-
ing the idea that ‘multiplication is repeated addition’ or that
‘perimeter is the sum of all side lengths’.

These two examples depict a practice that is shared
between mathematics and teaching mathematics. Acknowl-
edging assumptions, limitations, and scope describes a
normative way in which both mathematicians engage in
doing mathematics, and teachers engage in teaching mathe-
matics. The purpose of this paper is to propose and explore a
construct for teacher education that stems from aspects of a
re-designed real analysis course. Specifically, in a vein simi-
lar to Shulman’s exploration of pedagogical content
knowledge, I re-explore the intersection of mathematics and
pedagogy by considering domains of practice (not domains
of knowledge)—introducing what I term pedagogical math-
ematical practices (PMPs). First, 1 briefly situate this
construct and its rationale within extant literature; then, I
elaborate on PMPs and their viability, exemplifying them
from use in a real analysis course; lastly, I discuss their poten-
tial utility and value in teacher education. Critically, the
intersectional nature of the construct offers opportunities to
think about more integrated and nuanced ways of developing
and preparing mathematics teachers for the profession.

Situating the intersection of mathematics and
pedagogy

What precisely to study, and how to study it, are challenging
questions in teacher preparation. In mathematics teacher
education, a common distinction is between learning content
(mathematics) and learning pedagogy; another between
learning knowledge (theory) and learning practice. These
contrasts can be useful—indeed, I leverage them here to sit-
uate ideas. But they also create commonplace divisions—
which is something that I ultimately push against in this arti-
cle. For the time being, though, let’s first consider these two
distinctions, specifically as they connect to teaching and
teacher education.

Distinguishing mathematics from pedagogy and
knowledge from practice

Broadly speaking, mathematics is a field that can be con-
nected to the natural sciences, whereas education is one
connected to the social sciences. This suggests a fundamen-
tal distinction between mathematics and pedagogy:
pedagogical concepts—which capture methods for how
teaching and learning takes place (e.g., dialogic learning)—
are situated in relation to individuals and social interactions,
whereas mathematical concepts (e.g., a square) are mostly
divorced from, and exist outside of, them. The key point is
that mathematics can be differentiated—including ontologi-
cally and epistemologically—from pedagogy.
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The distinction between knowledge and practice goes back
to ancient times. Although not all agree that knowledge and
practice should be distinguished between, the difference ref-
erenced, in some sense, is between a product (a ‘what’) and a
process (a ‘how’). Whereas a product of science might be a
scientific theory, the process(es) for how one arrived at that
theory are different from this product. We can have knowl-
edge of a scientific theory; different from this is engaging in
the practices that generate one. In the psychological litera-
ture, this distinction might be captured between cognitive
aspects which deal with knowledge, and conative aspects
which deal with tendencies for what one does and how one
acts. Again, the key point is that one might differentiate
knowledge from practice.

PCK: the intersection of mathematics and pedagogy in
terms of knowledge

Shulman (1986) famously explored the intersection of math-
ematics and pedagogy in relation to domains of knowledge.
At that time, pedagogical knowledge (PK) was regarded as a
universal, not discipline-specific, construct. Shulman’s point
was that teaching—and hence PK—is fundamentally shaped
by the discipline being taught; that content knowledge (CK)
shaped pedagogy. In a sense, pedagogical content knowl-
edge (PCK) was the intersection of PK and CK: “the ways of
representing and formulating the subject that make it com-
prehensible to others” (p. 9). It was an amalgam of these
domains of knowledge, related to them yet new—neither PK
nor CK but something different. This intersectional con-
struct was particularly important in the field of teacher
education because it carved out a discipline-specific
approach to what was meant by ‘the professional knowledge
of teachers’. Ball, Thames, and Phelps (2008) further elabo-
rated with respect to mathematics teachers’ knowledge.

Teaching relies not just on knowledge but also on
practice

Knowledge is a vital part of teaching. Indeed, most theories
about teachers and teaching include knowledge as a primary
component (e.g., Sullivan & Wood, 2008). Shulman’s inter-
sectional work in this regard was important.

Yet teaching relies on more than just knowledge. In some
recent work during a follow up study to the TEDS-M project
(TEDS-FU), Blomeke, Gustafsson, and Shavelson (2015)
described teachers’ actions as a function of cognitive and
affective resources (which captures both knowledge and
beliefs), as well as situation-specific skills (e.g., ‘noticing’).
In the context of teaching, these situation-specific skills
might be understood generally as teaching practices—the
kinds of characteristic actions one engages in while teaching.
The key point is that the distinction made earlier, between
knowledge and practice, surfaces here in the context of
teacher education. The model posits that teaching practices
are a primary mediator between a teacher’s knowledge and
their classroom actions. Indeed, developing practices (and
not just knowledge) have taken on a more central role in
mathematics teacher education in recent years, shifting the
emphasis from what teachers know to what they do. As such,
mathematics educators need constructs (like we have for

knowledge) that allow us to understand, conceptualize, and
interrogate these practices to a greater degree.

Distinguishing mathematics and pedagogy in terms of
practice

As stated previously, practices generally capture ‘how’. For
example, scientific practices would describe how scientists do
science (i.e., the kinds of things scientists do); mathematical
practices the kinds of things mathematicians do; and teaching
practices the kinds of things teachers do. For our purposes, the
‘practices’ of a discipline will refer to regular actions, activi-
ties, habits, behaviors, processes, norms, efc., that one
engages in while ‘doing’ that activity. The field of mathemat-
ics education has already engaged in describing mathematical
practices (MPs) and pedagogical practices (PPs).

Many scholars have elaborated the importance of
MPs, especially as it pertains to mathematics education.
Some have articulated the breadth of MPs. For example,
Cuoco, Goldenberg, and Mark (1996) describe MPs in terms
of ‘mathematical habits of mind’, which included that math-
ematicians are pattern-sniffers, experimenters, tinkerers,
conjecturers, efc. Heid and Wilson (2015) described key
mathematical activities such as justifying, generalizing, con-
straining and extending, representing, defining, and so forth.
Others have looked at particular MPs in depth. Polya’s work
on problem solving is well known. Another example is
Mason, Burton, and Stacey’s (2010) elaboration of specializ-
ing and generalizing as part of mathematical thinking [1].
Developing proficiency with these mathematical practices
has become an important goal for K-16 education. Although
there are some differences, there is also broad overlap; the
field has a sense of mathematical practice.

Work describing PPs has been more recent. These, too,
have happened both at a level of breadth and depth. In the
US, NCTM (2014) summarizes a similar list of effective
mathematics teaching practices, which includes: implement
tasks that promote reasoning and problem solving; use and
connect mathematical representations; build procedural flu-
ency from conceptual understanding; and elicit and use
evidence of student thinking. As another example of breadth,
Ball and others developed a set of high-leverage practices
that included: leading a group discussion; explaining and
modeling content, practices, and strategies; and eliciting and
interpreting individual students’ thinking [2]. Others have
looked at particular PPs in depth. These PPs characterize a
relatively narrow subset of teaching more deeply. The litera-
ture around ‘noticing’—which is often conceptualized as
consisting of the even smaller sub-practices of perceiving,
interpreting, and decision-making—is one such example.
Smith and Stein’s (2011) five practices for orchestrating pro-
ductive mathematics discussion (anticipating, monitoring,
selecting, sequencing, and connecting) is another; as is the
Chinese notion of ‘bianshi’, which describes systematic prac-
tices for juxtaposing examples and non-examples (e.g., Pang,
Bao & Ki, 2017). Some of these efforts to conceptualize
teaching practices have been motivated by, and developed in
conjunction with, observational protocol instruments—
which give a way to appraise teaching by documenting the
activities and pedagogical practices of the teacher.
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PMPs: re-exploring the intersection of
mathematics and pedagogy in terms of
practice

Analogously to how CK and PK were considered separately
when Shulman introduced PCK, extant work in the field has
described separately MPs and PPs. Here, I consider how
these might intersect or converge, in pedagogical mathemat-
ical practices (PMPs). The aim of conceptualizing PMPs is
to consider another intersectional notion—but with regard to
domains of practice, not domains of knowledge.

If MPs refer to key types of mathematical activities, and
PPs for teaching mathematics refer to various activities of
mathematics teaching, PMPs, in some sense, describe their
convergence, depicted in Figure 1 by the intersection: the
regular actions, activities, habits, behaviors, processes,
norms, efc., that are productive both as a mathematical prac-
tice, and as a pedagogical practice for teaching mathematics.
Although the practices in this intersection might manifest
themselves somewhat differently in teachers than they do in
mathematicians, they strongly resonate as both an MP and a
PP. I use this term, ‘PMP’, for two reasons. The first is that it
mirrors Shulman’s naming of PCK—indeed, one could use
pedagogical content practices in a more discipline-generic
manner. The second is that, in this phrasing, pedagogical
serves as an adjective to mathematical practices. It explicitly
acknowledges the idea that mathematical practices (the kinds
of things mathematicians do) can in fact be pedagogical—
that they can, and at times should, inform pedagogical
practices for teaching mathematics [3].

As a way to be concrete, I provide six example PMPs from
a re-designed real analysis course intended for secondary
teachers—the first one was exemplified by the discussion
that began this article [4]. The research team for that project
had to identify pedagogical practices they valued in particular
teaching situations; the practices were then incorporated as
being principal goals when discussing those teaching situa-
tions. The list below—not intended to be exhaustive—names
practices that were deemed relevant for the particular appli-
cations to teaching, and the specific mathematical ideas,
discussed in the real analysis course:

Acknowledge and revisit assumptions and mathe-
matical limitations;

Consider and use boundary cases to test and illus-
trate mathematical ideas;

Expose logic as underpinning mathematical inter-
pretation;

Use simpler objects to study more complex objects;

Avoid giving rules without accompanying mathe-
matical explanations; and

Seek out and use multiple explanations.

There is not sufficient space here to describe each in depth
[5]. But the others have a similar feel to the first one, which
was discussed at the outset; they describe activities that are
common both to mathematical practice (as a ‘doer’ of math-
ematics) and to pedagogical practice for teaching
mathematics (as a ‘doer’ of teaching). For example, the pur-

30

Domains of Practice

Mathematical Pedagogical
Practices Pedagogical Practices
(MPs) Mathematical (for teaching
Piactice: mathematics)
(PMPs) (PPs)

Figure 1. Pedagogical mathematical practices as an inter-
section of mathematical and pedagogical
practices.

pose of seeking out multiple explanations as a practice in
mathematics is to help point out mathematical connections
and the similarity between seemingly unrelated approaches;
its use in mathematics teaching is somewhat axiomatic in
that offering multiple explanations provides several access
points and ways for different students to understand. Indeed,
discipline-specific observational protocols may capture sim-
ilar descriptions of practice [6].

In relation to extant literature, the construct of PMPs might
allow for the field more clearly to describe and situate some
of the activities of the profession. PMPs ask the field to con-
sider the level of detail in which practices might be described,
so that they are in fact useful tools for the profession. More
importantly, the intersectional nature of the construct might
help capture, and differentiate, the discipline-specific ways
that teaching practice inherently reflects, and stems from, the
content being taught.

Viability of PMPs

The list of example PMPs from the re-designed real analysis
course provide one starting point—a sense of their potential
viability. In the analysis course, these practices were dis-
cussed in relation to both pedagogical situations and
mathematical situations; they guided the discussion about
how teachers might respond to pedagogical issues that arise
in secondary teaching as well as how students might make
progress with mathematical developments in real analysis.
In addition to this sort of existence proof, I offer some fur-
ther ways to think about the viability of PMPs. Specifically,
we can leverage the extant work that has characterized MPs
and PPs separately in order to consider their intersection.
Such work could be used to justify places of convergence, as
well as to tease out distinctions. Notably, like Shulman’s
PCK, I regard PMPs as being strongly related to both MPs
and PPs, but yet something that is also not exactly either—
an amalgam of practices that represent something new.
Consider the international emphasis on representations in
mathematics teaching. NCTM (2014) instructs ‘use and con-
nect mathematical representations’. I take this to be an



effective PP for mathematics teaching. Yet, ‘connecting’ (and
using connections) would also be considered a mathematical
practice. Heid and Wilson (2015) explicitly included ‘connect
within and outside mathematics’ as a MP; and making mathe-
matical ‘connections’ is an important process standard
internationally. Indeed, mathematicians often attempt to con-
nect the same idea to different domains and representations of
mathematics. For example, Euler’s formula (¢ = cos x + i sin x)
connects to Taylor series in analysis as well as morphisms of
topological groups in topology. Mathematicians also regu-
larly produce multiple proofs of the same statement, which
highlight the connections between different mathematical
approaches. These examples suggest a practice common to
both mathematics and mathematics teaching. As a construct,
PMPs then might offer a further discipline-specific descrip-
tion about making connections that captures a practice that is
both mathematical and pedagogical. For example, ‘use and
connect different mathematical concepts, domains, and rep-
resentations by solving the same problem in multiple ways’;
or, ‘use and connect different mathematical domains and rep-
resentations by looking at the same concept from multiple
perspectives’. To summarize, at least some mathematical
practices appear to have a strong relation to productive peda-
gogical practices, which might allow the field to describe the
activities of mathematics teaching in ways that also inher-
ently—and more explicitly—reflect the discipline.

On the other hand, there also appear to be instances where
descriptions of MP would be at odds with PP. Consider the
mathematical practice of generalizing. Mathematicians fre-
quently aim to abstract and generalize ideas to their essence,
which allows one to recognize several examples as instances
of a broader, more abstract and general idea or theory (e.g.,
the algebraic structure of a group). One might describe this as
a sort of intentional ‘compression’ of several ideas into a sin-
gular broader category. For mathematicians, this means they
often start with invoking a generalized idea, not a specific
case, because it provides insight for the entire class. In teach-
ing, however, starting with a generalized, abstract, form often
does not mirror a learner’s conceptual development. Ball and
Bass (2000) contrast this compression in mathematics with
the work of teaching, “because teachers must be able to work
with content for students in its growing, not finished state,
they must be able to [...] work backward from mature and
compressed understanding of the content to unpack its con-
stituent elements” (p. 98); that is, teachers need the ability to
‘decompress’. Whereas a mathematician might consider the
general notion of a binary operation first, for which addition
could be used as an example, for learners, in depth exposure
to and grappling with the specific operation of addition is
needed before one can make sense of what a more general
notion of ‘operation’ might even mean. In other words, at
least at times, the PP ‘using evidence of student thinking’ can
run at odds with the tendencies of mathematical practice.
Indeed, Ball and Forzani (2009) describe many ways that
pedagogical practice is unnatural work—that the activities of
teaching are fundamentally different from other more natural
ways of being (including the activities of mathematicians). In
this case, it is evident not all MPs or PPs would necessarily
intersect; this is helpful in that it attributes genuine meaning
to those practices that do—the construct of PMPs.

Utility of PMPs

In this section, I attempt to elaborate several aspects regard-
ing the utility of PMPs for the field; in doing so, I address
empirical, theoretical, and practical utility.

Practices are observable

Recent shifts in mathematics education from describing
knowledge to describing practice are important for several
reasons. One of these is that for both practitioners and
researchers, practices are generally more visible than knowl-
edge, and hence easier to describe and observe (using, e.g.,
observational protocols). Although knowledge can be
elicited (e.g., on tasks), assessing or measuring what exactly
someone knows can be difficult to describe in concrete
terms. Indeed, this fact has posed challenges to theoretical
constructs such as PCK. Whereas some quantitative studies
have been able to differentiate between knowledge domains,
such as CK and PCK, others have found a more unidimen-
sional construct—i.e., an inability to differentiate between
purported knowledge domains of teaching. Given the chal-
lenges with observing and gauging knowledge, exploring
the intersection of mathematics and pedagogy via practices
perhaps has an empirical merit. Records of observed behav-
ior can be used (by researchers) to understand and theorize
about professional practices, and they can also be used (by
practitioners) to communicate about and help develop pro-
fessional practices.

Practices are descriptions of how

Another reason describing practices has become important is
because doing so provides a sense of how people engage in
a discipline or profession, and not just descriptions of what
is produced from the discipline or profession. Notably, many
of the PMPs discussed are descriptions of practice at the
individual level of the teacher, meaning they capture activi-
ties over which a teacher has primary control; but teaching
might also incorporate more social descriptions of practice
as well. Regardless, clarifying the activities (and not just the
products) of a profession has theoretical benefits for think-
ing about teaching and teacher education. These can be used
to structure discussions of, and give insight into, observed
episodes of teaching and practicum experiences.

As a construct, PMPs describe practice not only in terms of
‘how’ people engage in teaching mathematics, but also ‘how’
those activities are related to, and reflect, the discipline of
mathematics. That is, they have theoretical utility. Whereas
many current descriptions of pedagogical practice seem
equally-applicable to teaching in other subject areas, PMPs
provide a space to carve out, and name, the mathematical,
discipline-specific, aspects of teaching—to differentiate the
unique ways for how mathematics, and mathematical prac-
tice, are reflected in the work of teaching mathematics.

PMPs can further differentiate how

Critically, descriptions of practice allow for various grain-
sizes. I note that current descriptions of teaching practice
often leave much to be discerned by the reader. While
‘implement tasks that promote reasoning and problem solv-
ing’ may be an effective pedagogical practice, due to its
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broad grain-size, it still does little to clarify the ‘how’—the
kinds of activities that one might engage in to actually
accomplish this goal. Similarly, ‘using mathematical lan-
guage precisely’ is wide-ranging; one particular way this
might be accomplished in teaching is ‘acknowledging and
revisiting assumptions and mathematical limitations’. As
such, the intersectional nature of PMPs suggests that synthe-
sizing and integrating across existing descriptions could
produce meaningful developments for the field. They would
allow the field to articulate MPs, PPs, and PMPs at varying
grain-sizes, including much more fine-grained ones, which
would not only offer an articulation of the commonalities
across mathematical and pedagogical practice, but also fur-
ther differentiate such practices. Given the differing nature
of mathematical and pedagogical concepts, even similar
practices across the two may have subtle differences in how,
and why, they are practiced.

Take, for instance, the mathematical practice of conjectur-
ing. Mathematicians regularly make conjectures about
mathematical objects and their relationships. From my own
experience, mathematics teachers also engage in conjectur-
ing; but these are typically conjectures about student
thinking. That is to say, teachers give problems, ask ques-
tions, observe students’ work, listen to students’ answers, and
so forth, and then make conjectures about what students
appear to understand, or not understand. The conjecturing
aspect is similar; the domain on which conjectures are being
made, however, is different—as is the evidence that would
support or refute such conjectures. The point is that finer
descriptions of practice might provide theoretical grounds on
which to point out commonalities—which, for example,
could be used to explore what mathematics teachers, in their
conjecturing about student understanding, might learn from
the process of conjecturing in mathematics (or vice versa)—
but also to clarify nuanced differences.

Similarly, the mathematical and pedagogical contexts in
relation to the power rule for derivatives that started this
article showcased the similar nature of how mathematicians
and mathematics teachers both attend to assumptions, limita-
tions, and scope. But PMPs would allow for even finer
grain-sized descriptions—ones that also try to tease out
potential differences. For example, the most common resolu-
tion to the practice of attending to scope in mathematics is to
explicitly state the scope—i.e., Abbott’s inclusion of the
caveat ‘n € N,’. But in teaching, while being explicit about
an assumption may be part of the resolution, often more
needs to be done. Students tend not to catch the importance
of caveats such as ‘n € N,” without being given further oppor-
tunities to unpack them and give meaning and context to their
importance. In this way, attending to assumptions, limitations
and scope is a shared practice for mathematicians and math-
ematics teachers, but the particular way in which attention is
given may yet subtly differ.

PMPs in mathematical coursework in teacher education

PMPs as descriptions of teaching practice also have practical
utility; indeed, I find such practical value to be one of the
most compelling reasons for their conceptualization. Since
PMPs describe mathematical practices that are also con-
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nected to pedagogy, one of the practical uses of PMPs would
be in the mathematical coursework of teacher preparation
(akin to their use in the re-designed real analysis course).
The rift between mathematicians and mathematics educa-
tors, historically, has posed difficulties—with both sides
feeling marginalized. Considering pedagogical practice
through this lens provides a bridge to mathematicians; it
acknowledges that mathematicians, including research
mathematicians, have something to contribute to conversa-
tions about teaching.

Specifically, PMPs could be used as a way to discuss ped-
agogy in mathematical coursework, without necessarily
deviating from the primarily mathematical aims. When par-
ticular mathematical practices are evident in such
coursework (e.g., acknowledging mathematical assump-
tions), these mathematical practices can be discussed
explicitly with students (because they are mathematical). But
when such mathematical practices are also PMPs (e.g.,
acknowledging mathematical assumptions), then being
explicit about these also reinforces productive pedagogical
practice. Indeed, Wasserman and McGuffey (2021) found
that some teachers who participated in the re-designed real
analysis course attributed their learning and implementation
of these PMPs, which had been evident in their actual class-
room teaching, to real analysis activities. That is to say, PMPs
appeared to be productive (in terms of teacher preparation) in
the context of a mathematics course because the mathemati-
cal activities of real analysis also reinforced ideas about
pedagogical practice. In this sense, PMPs might be an espe-
cially productive way to incorporate conversations about
pedagogy into mathematics courses because they provide a
sensible way to bring up issues about teaching in that context.
Unlike other aspects about teaching, such as classroom man-
agement, discussing PMPs in that setting would not be
complete deviations from the mathematics because they are
(also) mathematical. As such, PMPs might be one way to
reduce the divide between content and methods courses,
which is the commonplace separation between developing
mathematical and pedagogical knowledge and practice. And,
in addition to allowing for mathematical practices in a math-
ematics course to serve as meaningful opportunities to
reinforce pedagogical practices, the same could be true in
reverse: PMPs might be used to help pedagogical methods
courses become more meaningful mathematical experiences.
In sum, the intersectional nature of the construct might afford
a more integrated—and less sharply separated—approach to
teacher preparation.

Recommendations and conclusions

I end with a call to the field to further explore PMPs, in at
least three ways. First, it would be important to define the
boundaries of this construct—practices in the intersection as
well as those in each domain specifically. I recognize this is
not an easy task, particularly because of the challenges of
describing practice. Descriptions of practice (even fine-
grained descriptions) can often be interpreted very broadly,
so that they are seen as being part of nearly every activity.
Yet it is the specific ways PMPs are described that will allow
for the construct to acquire meaning. Second, it would be
important to study PMPs empirically. Are there in fact



descriptions of practice that resonate with mathematicians as
being connected to effective mathematical practices, and
also resonate with mathematics teachers as being connected
to effective pedagogical practices? What similarities are
shared? What are the subtle differences? Such empirical evi-
dence about PMPs might provide further support for the
viability and utility of the construct. Third, it would be
important to identify practical ways to incorporate PMPs
into mathematics courses, and into mathematics education
courses. From these efforts the field might explore the
degree to which PMPs are valuable for shaping and inform-
ing the goals of these courses, as well as the teachers’ actual
classroom practices.

The intersection of content and pedagogy takes on a new
meaning within domains of practice; what it might hold for
the fields of mathematics education and teacher preparation
merits further exploration.

Notes

[1] The attending to scope discussion that started this article is similar to
their description of extending.

[2] See ‘High-leverage practices’, at https://tinyurl.com/flm42-3-a.

[3] Although I do not consider further here, the reverse—how certain peda-
gogical practices for teaching could also be mathematical—might also be
explored.)

[4] For more information about the Upgrading Learning for Teachers in
Real Analysis (ULTRA) project, visit http://ultra.gse.rutgers.edu.

[5] For further description, see Wasserman, Fukawa-Connelly, Weber,
Mejia-Ramos & Abbott (2022).

[6] The Mathematical Quality of Instruction (MQI), for instance, describes
three ‘mathematical practices’ (in their domain about the richness of math-
ematics in instruction): using and comparing multiple solution methods,
developing generalizations from specific examples, and using mathematical
language precisely (https://cepr.harvard.edu/mqi-domains).
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In 2022, unusually, the FIFA World Cup takes place late in the year, starting on 20 November.
The first stage is the group stage in which 32 teams play in eight groups of four. In each group
of four, each team plays the three others once, and there are three possible outcomes: the first
team wins, the second team wins, or there is a draw. One possible outcome for the group as a
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The solution is concealed elsewhere in this issue.

33





