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To know what you know and what you do not know,
that is true knowledge.

—Confucius, 551-479 BCE [1]

An education isn’t how much you have committed to
memory, or even how much you know. It’s being able
to differentiate between what you do know and what
you don’t.

—attributed to Anatole France, 1844—1924
or William Feather, 1889—-1981 [2]

We teach knowing. Traditional education is based on what
students know and can do. But as Confucius and France or
Feather point out, to know and knowing (know-to) is only a
half of what true education could provide. Moreover, our
research suggests that to know and knowing is not cogni-
tively equivalent to what you do not know and not-knowing.
To express what you do not know and not-knowing seems to
be a more challenging task, one that has not been on the
radar of educational reform.

Attention to the not-knowing phenomenon appears in
ancient literature as a state of awareness in relation to
known/unknown. According to ancient wisdom not-knowing
is a critical state, because from it knowing can follow. Along
with Chinese philosophers, ancient Persian scholars made an
important philosophical connection between what a person
knows and does not know as a state of awareness:

One who knows and does not know that he knows: he
is asleep, awaken him.

One who does not wish to know, and yet says that he
needs to know: let him be guided to safety and to light.

One who does not know and knows that he does not
know: he will walk to safety, slowly, limping, and with
difficulties.

One who does not know and does not know that he
doesn’t know, will remain in a convoluted tangles of
unknowns, until the end of the dawns.

(Ibn Yamin, 1286-1367, ssslo 153¢ 1,
[Collection of Poems])

In the research literature, the relationship between know-
ing and not-knowing was conceptualized as a knowledge
matrix (also known as a knowledge square) within an emerg-
ing field of knowledge management (Bolisani & Bratianu,
2018). We will attempt to unpack an educational potential of

the stage—one who does not know and knows that he does
not know—depicted in upper right rectangle on Figure 1.

Analyzing Mary Boole’s work, Tahta (1972) refers to not
knowing as a means to describe an algebraic process of find-
ing what we do not know with the use of what we do know.
Emphasizing the role of not knowing in mathematics,
Mason and Spence (1999) claim, “awareness of knowing
and of not knowing is crucial to successful mathematical
thinking” (p. 147).

However, little research has been done to understand the
not-knowing phenomenon. Here we examine how students
express what they do not know while solving geometric rea-
soning tasks. We also explore potential connections between
not-knowing and students’ learning and challenges they face
in externalizing the not-knowing.

Noticing and not-knowing

I’m kinda feeling stuck here. This is not working. I'm
doing trial and error again instead of thinking [pause] 1
just want to sit down and do it algebraically. Um
[pause] I don’t know, I don’t know what to do. This is
not [pause] I keep trying the same thing so that’s frus-
trating.

—Excerpt from Kyles’s thinking-out-loud
transcription while solving the tangram task [4].

Noticing that you are stuck is the first indicator of not-know-
ing. Mason and Spence (1999) observed a situation similar
to the one in the vignette above in which people get stuck on
a problem and are not aware of being stuck. They further
explain the situation of ‘being stuck’, stating: “as long as
their awareness of their state remains below the surface of
action they are unable to act upon that awareness by inten-
tionally invoking some strategy” (p. 147).

Knowing Knowing Knowing
what what
T know I don’t know
State of Awareness
Not knowing Not knowing
i what what
Not knowing I know I'don’t know

Known <«——————————» Unknown
State of Knowledge

Figure 1. Knowledge matrix (adopted and modified from
Bolisani & Bratianu, 2018).
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We suggest that the concept of not-knowing is related to
the idea of noticing through the mechanism of awareness
detailed in Mason’s work (2011). While the focus itself is on
teachers’ noticing of student thinking, he also describes the
educational benefit of noticing for students, stating that it is
used to “alert oneself in the future so as to act freshly rather
than automatically out of habit” (p. 35). It is this concept of
noticing one’s own thinking, to “alert oneself”, that resem-
bles our approach to conceptualizing the construct of
not-knowing.

Examining the ability to first notice then decide how to
respond accordingly, mirroring not-knowing, Jacobs, Lamb,
Philipp and Schappelle (2011) argue that an individual must
first become aware of what they do not know to plan and
respond effectively to a given situation. Not-knowing is the
first step to learning, and if an individual becomes aware of
what they does not know and uses it to their advantage, it is
possible for them to become a more efficient and effective
learner. Moreover, being aware of one’s own not-knowing is
a spark that could potentially ignite prior knowledge. The
metacognitive process involving awareness of not-knowing
allows an individual to take a step back and analyze the situ-
ation to plan accordingly. This gives an opportunity for prior
knowledge to come forth that would otherwise not have been
used when acting out of habit. While the importance of not-
knowing, as a first step to knowing, may be clear, the ability
to be aware of the not-knowing in the moment may not be an
easy task. Mason and Spence (1999) detail the difficulty of
knowing-to-act in the moment, and we argue that being
aware of your own not-knowing in the moment may be just
as difficult.

Awareness of being stuck is not sufficient to ‘unstick’ the
situation if unsupported by prior knowledge. “Strategies
come most readily to mind if they are richly linked with past
experience” (Mason & Spence, 1999, p. 147). In this sense,
someone’s awareness of not-knowing is informed by their
prior knowledge. Prior knowledge serves as a base of some-
one’s knowing and not-knowing. Therefore, we use
connections between prior knowledge, knowing, and not-
knowing as a guiding frame in examining the not-knowing
phenomenon (Figure 2).

Not-knowing acts as a cognitive bridge between a learner’s
prior knowledge and potential knowing. As such, not-know-
ing could represent a starting point in the student’s search for
knowing and understanding. Operationalizing the frame pre-
sented in Figure 1, we suggest the following key
characteristics of not-knowing:

it could serve as a state of learner’s awareness that
their prior knowledge is not enough to solve a
problem;

furthermore, this awareness could help a learner to
transition from not-knowing to knowing.

/‘ Not Knowing \\

e ™

Prior Knowledge H

Figure 2. The frame for examining students’ not-knowing.
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Exploring not-knowing

Ok, so let’s start with what I know. I know these are
tangrams shaped like square, rectangles, and a parallel-
ogram. So, I remember doing this for my geometry
class.

—Excerpt from Aracely’s thinking-out-loud
transcription while solving the tangram task.

We focus on students’ articulation of not-knowing and the
challenges they faced during this process. Ten students were
selected for the study at a university in the southwestern bor-
der region of the United States. These students were enrolled
in a mathematics education course on Geometric Reasoning,
which focused on problem-solving using tangram shapes
(“physical objects, created by a more knowledgeable other
with a specific aim in mind”, Abtahi, 2018, p. 24) to con-
struct squares with a different number of pieces. There were
80% female and 20% male students enrolled in the class,
70% Hispanics and 30% White.

During class, students worked on geometric reasoning
tasks using the tangram activity. The tangram consists of
seven 2D geometric shapes: two large isosceles right trian-
gles, one medium size right isosceles triangle, two small
isosceles right triangles, one square, and one parallelogram
(Figure 3).

Before engaging in problem-solving, the students were
introduced to the tangram by learning about the tangram
shapes and their properties. It helped students to activate their
prior knowledge. Then, students were tasked to construct
squares with a different number of tangram pieces. We chose
the tangram because it targets students’ strategic reasoning
(National Research Council [NRC], 2001, p. 116). Reasoning
and selecting effective strategies are what makes the tangram
a complex task. One cannot simply move pieces around until
one solves it and say one ‘knows’ how to solve the tangram.
Considerations of areas and side lengths must be made to
understand why pieces are placed in specific locations.

At four different points during the course, students paired
up and audio-recorded each other while attempting to solve
the tangram puzzle. The task was to complete a square using
a given number of pieces while vocally expressing what they
knew and did not know at that specific moment. First, the
participants attempted to make a square using all seven
pieces, then made a second attempt at the seven-piece puzzle,

Figure 3. A tangram.



then attempted to make a square using only six pieces (note
that this is impossible), and finally using only five pieces.

For data collection on reflective not-knowing, two major
written reflections were assigned during the course contain-
ing three to five questions. Some of the questions asked were:
1) write down what the objective(s) of the Tangram activity
was; 2) after completing the Tangram activity, reflect on what
you know; 3) after completing the Tangram activity, reflect
on what you do not know. The participants were also asked to
reflect on certain ideas discussed as well as their knowing
and not-knowing.

Additionally, two students out of ten, Yesenia and Shere-
ase, were selected for a semi-structured interview conducted
at the end of the course to analyze student reflective thoughts
on their learning. Students were purposefully selected based
on their successful learning in the course (e.g., students’
reflections and their performance on the final task). The inter-
view consisted of thirteen questions focused on extracting
student’s not-knowing in a reflective fashion, which was also
audio recorded.

We depict the operationalization of the framework in Fig-
ure 1 for the tangram activity in Table 1.

Examples of students’ externalizations of their prior
knowledge, not-knowing, and knowing while working with
the tangram puzzle are distributed throughout the text as
short vignettes after the main headings.

Challenges in externalizing not-knowing

So, I know that the total area is eight and the unit
pieces, the smallest one I have is point five which if |
were to take out would give me seven point five area
and the square root of seven point five is not a length
that I have so therefore we can’t take that one out.

—Excerpt from Yesenia’s thinking-out-loud
transcription while solving the tangram task.

The analysis clearly demonstrated that the participants had
difficulties expressing not-knowing, and that there are sev-
eral recurring statements made by the participants. These
statements were categorized, and the following four major
themes emerged.

Deflection

Deflection of not-knowing can be identified as avoidance of
challenge when students shift the focus of their not-knowing
somewhere else besides themselves. Below is an example of
a response that demonstrates deflection of not-knowing:

Kyle I know as far as formulas and all that they
are not going to help me at all. It’s more
of a pattern thing and if students tried to
do this it would be the same thing for
them.

Kyle states that he believes formulas will not help him
arrive at a solution, implying that he does not know how to
solve the puzzle. His thought of not-knowing takes a shift,
stating that if other students tried, it would be the same for
them. Instead of being aware of his not-knowing as a first
step to finding the answer, Kyle deflects to what he believes
others do not know. Five out of the ten participants deflected
at one point or another.

Pressure

Participants expressed pressure through direct frustration or
a sense of urgency. Every one of the ten participants demon-
strated pressure at different points during the
problem-solving and reflection sections. Consider these two
Statements:

Aracely Makes no sense to me [pause] Ok, so it
doesn’t make sense [pause] Jeez. It’s
almost something [pause] Can I make a
rectangle?

Frank This is ridiculous [laughs]. Putting these

squares together. It’s a lot harder than I
thought it would be. It’s destroying my
idea of what a square is [pause ] Maybe if
I [pause] no. Oh my God, this is so much
harder than I thought it would be [pause]
Argh, this is so frustrating.

These two students demonstrate pressure, which may be a
factor impeding awareness of not-knowing. It seems that the

Table 1. Operationalization of the framework for the tangram activity.

Prior Knowledge

Not-knowing

Knowing

* Geometric shapes * Assigning a non-standard unittoa ¢ Direct and inverse operations

e Properties of shapes square

¢ Congruence
make

e Similarity

* The key: possible areas you can

* Relationship between side length
and area of a square

* Total area of all tangram shapes and

* Properties of a square

side length of the largest square

* Non-standard unit e The strategy levels, e.g. diagonal

*  Measures of side length
e Areas of shapes

e Trail and error heuristic

property of a square strategy
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question of what you do not know was unusual and psycho-
logically inconvenient for many students. Aracely
demonstrated clear frustration at her inability to make sense
of the situation throughout her thought process. Frank
directly expressed his frustration; he expected the task to be
easier.

Heuristic sense/trial and error

Every participant attempted the first task through trial and
error. We hypothesize that in seeking the solution students
may become ‘tunnel visioned’ in the process of trial and
error, clouding their awareness of not-knowing. It affects the
individual’s ability to invoke a sort of strategy to overcome
the problem.

Sherease I am going to start with the parallelogram
just because it has the oddest shape. And
[pause] I’'m going to try to make the
sides even, and I’'m just trying to add
from there, but it doesn’t fit. So, I don’t
know how to get the sides to be straight
without having any leftovers. Um
[pause] ok. No, I’m going to start again.
I’'m going to start with the big pieces
now. I’m going to put the two triangles
together. Okay, I’'m going to put the two
big triangles and try to make everything
fit in the middle. Okay, so I’'m putting
some and they don’t fit but I’m kind of
getting the shape, kind of not.

The excerpt above provides a glance at Sherease’s thought
process as she attempted to solve the tangram. Trial and error
is known to be the most common heuristic as it is simple to
use and it eases the cognitive load on the individual yet it is
not always effective. Most of the participants, even with prior
knowledge, stuck to trial and error to the very end. Perhaps
the inability to evoke awareness of their not-knowing was a
factor that led to not solving the tangram.

Fractured prior knowledge

Whereas lack of heuristic sense deals with strategy, fractured
knowledge is present when a participant may have gaps in
the prior knowledge, misunderstandings within the given
topic and/or misconceptions. We argue that if an individual
has fractured knowledge, it will directly impede their ability
to invoke not-knowing as a means to capitalize on the
knowledge that simply is not there. Below is a participant’s
response displaying fractured prior knowledge:

Frank Ok, so that might be too long. So, I think
it has to be smaller than 2 and square root
of 2. Maybe it can be 3? I will try for 3.

Frank was attempting to find the side length of a square to
be constructed. There is a clear misconception of the number
2+/2 (“two and square root of 2) in comparison to the num-
ber 3. Frank believes that 3 is smaller than 2+/2 and carries
on without a second thought, guiding him down the wrong
path. In this sense, even if awareness of not-knowing were to
occur, fractured knowledge will be the deciding factor in
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leading him farther away from the solution. For this reason,
we suggest that there is a connection linking prior knowledge
to both knowing and not-knowing (Figure 2). In the example
above, we were particularly interested in the connection
between prior knowledge and not-knowing, as Frank’s frac-
tured prior knowledge is a contributing factor to both his
inability to invoke not-knowing awareness as well as leading
him astray.

These four themes frequently emerged throughout the
analysis of participants’ reflections and interviews. Even
though some of these themes emerged less frequently than
others, they all hold importance, as they reflected challenges
in participants’ ability to express not-knowing.

Connection of not-knowing to learning

Umm (laughter), they seem like really simple ques-
tions, right? What do you know, what do you not know,
but it was so difficult to answer those questions.

—Excerpt from Sherease’s response
during the interview.

Addressing the learning potential of not-knowing, we
looked closely at the connections between how students
externalize their not-knowing and their overall learning
throughout the course. The data gathered from the students
clearly demonstrated challenges they faced when reasoning
with the tangram activity. The audio recordings displayed
growth in understanding from all students, some better than
others. Once the activity was over, two students stood out
who displayed almost complete mastery of the tangram
activity, Yesenia and Sherease. While the first audio record-
ings displayed the students’ inability to express not-knowing
in the moment, these two students appeared to be active and
reflective thinkers as they solved the tasks. Even though they
also faced challenges expressing not-knowing, they demon-
strated more effective attempts which seemed to have
contributed to their learning. Yesenia and Sherease’s inter-
views gave insight into their thinking during the attempt to
construct the tangram. In the vignette above, Sherease stated
that the question “what don’t you know?” seemed like a sim-
ple question, but in fact, she found it hard to answer. It
appeared that these students were challenged by the question
because it was cognitively demanding to articulate what they
did not know at the moment. The important factor is that
these students made every attempt to express their not-
knowing during the entire course. Consider these two
excerpts:

So, I have this big triangle in the corner
and I keep putting it there because it
seems like it makes sense there but I don 't
know if this is the right way to go. I won-
der if there is more than one way to do it.

Sherease

Yesenia It can’t be two square root of two, I tried
that already. So, it can’t be two square
root of two because it’s the largest we can
have which will give me an area of eight.
So, it has to be less than two square root

of two and I tried side length of 2, but it



limits the amount of pieces I can use. I
am wondering if this is even possible.

Sherease’s attempt may have been flawed, but her ability
to step out of the problem and question if there are different
possible ways to go about it is a line of thinking that may
have led to correct answers later on. Yesenia struggles with
constructing a square with 6 pieces, however, her not-know-
ing (e.g., “wondering if this is even possible”) leads to
thinking about what she does know, arriving later at her cor-
rect conclusion (e.g., “it is not possible to construct a square
with 6 tangram pieces”).

Sherease and Yesenia’s responses and performance contrast
with other participants who made little to no attempt at
expressing their not-knowing. Those who made every attempt
to express not-knowing throughout the course seemed to have
struggled more extensively yet productively. While all stu-
dents attained new knowledge from the course, the results
suggest that those students who more actively sought to
express their not-knowing gained a better understanding of
the concepts. Interestingly, during the interview session,
Sherease and Yesenia gave an insightful response when asked,
“If you could go back in time and share a piece of knowledge
to help your past self with the tangram, what would it have
been?” Both stated they would assign a square piece as a unit
square. Upon further questioning, it seemed that both intervie-
wees felt this piece of knowledge (that had been not-knowing
earlier) was needed to kickstart their reasoning about the tan-
gram. What impeded the students from doing this from the
start? Is it possible for students to arrive at this conclusion
without wishing they could inform their past selves? Being
able to do so would suggest that the students were knowing-
to-act in the moment but before that can happen, awareness of
what they do not know must first take place.

Discussion and conclusion

It is important to note that since the topic of not-knowing is
fairly new, there is no clear example of what a perfect
expression of not-knowing looks like. This presented an
obstacle when we analyzed the data. Even then, the data and
its analysis demonstrated that some students could express
their not-knowing better than others, leading them to
demonstrate stronger conceptual understanding by the end
of the course. For instance, Aracely, in her reflection after
the tangram task with six pieces, indicated “I would still like
to know/explore what other figures would not be possible to
create because of restricted areas” expanding her awareness
of knowing/not-knowing to solve similar or extended prob-
lems in the future. In this regard, the results of the study
contribute to advancing the overall conceptualization of the
construct of not-knowing and its relationship to prior knowl-
edge and knowing (Figure 2).

Students ‘deflecting’ their not-knowing should not come
as a surprise, as not many individuals are fond of admitting
their lack of knowledge or understanding. Nevertheless, the
presence of deflection in the data analysis shows how some-
one may shift their not-knowing onto someone or something
else, rather than accepting their not-knowing and using it as a
means to find a solution to a given problem.

The theme of ‘pressure’ did not come as a surprise either.
It may be closely related to Krashen’s affective filter hypoth-

esis (1987), which details students’ abilities to learn based on
what other thoughts might be in their minds. In this study, we
saw pressures caused by time, frustration, and even fear of
being judged by others.

The ‘heuristic sense’ theme observed in the study is one
deeply rooted in students’ minds since one of the most basic
heuristics is trial and error and it is easily available for any-
one to use. Trial and error was the guiding force in
decision-making for many participants from the start of the
course, and in some cases, to the end of the course. Students
may be diverting to trial and error heuristic to ease the cogni-
tive load. Another reason students seemed reliant on trial-and
error may be related to their educational upbringing. Educa-
tional research has shown mathematics classes have a
primary focus on procedural knowledge with less emphasis
on conceptual understanding (NRC, 2001); the research has
also shown bidirectional relations between procedural and
conceptual knowledge (Rittle-Johnson, Schneider & Star,
2015). Students may be ‘wired’ to following a certain proce-
dure when approaching mathematical problems. Therefore,
when students are presented with something outside of a typ-
ical word problem, they may not know how to proceed, and,
thus, the trial and error heuristic activates as a ‘lifeguard’.

Mason and Spence (1999) make it clear how important
not-knowing is as a first step for knowing to occur. Students
in this study had the mathematical knowledge to solve the
tangram yet struggled to produce its solution. Expressions of
not-knowing may be an answer in accessing that missing
knowledge. This study focused on finding out how students
are expressing their not-knowing and results demonstrated
that participants faced challenges in expressing their not-
knowing while solving geometric reasoning tasks.

Four recurring themes came to light from analyzing partic-
ipants’ transcriptions, reflections, and interviews. Examples
of deflection, pressure, lack of heuristic sense, and fractured
knowledge were discussed to demonstrate how each affected
not-knowing awareness. Understanding these themes can
better assist in minimizing the problem while maximizing the
potential of not-knowing as a lead to the construction of
knowing and understanding. Students that were better able to
express not-knowing ultimately demonstrated a stronger
understanding of the concept at the end of the course. That
being said, it is still evident that students experienced chal-
lenges in expressing their not-knowing. These findings might
serve as a stepping-stone to further researching and under-
standing the not-knowing phenomenon, as it may link to
more effective and efficient student learning and reasoning.
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Notes
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[2] This is often attributed to both authors. We have been unable to locate
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source and accurate translation of the authentic Persian version of this
ancient wisdom.

[4] All student names are pseudonyms.
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