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LEARNING GEOMETRY BY DESIGNING
PERSIAN MOSAICS
GOOSSEN KARSSENBERG

The mosaic in Figure 1 shows rotational and mirror symmetries and mathematically interesting shapes like kites,
regular 4- and 8-pointed stars and semi-regular octagons.
Besides this, it has a specific sub-grid (Figure 1b). Mosaics
like these can be found across much of the Islamic world,
from Morocco to India. They are rarely used in mathematics lessons. In the present Dutch educational context, this
situation is pitiful: due to immigration from Morocco and
Turkey, during the last four decades the number of students
with an Islamic background has increased significantly.
Using examples which stem from these students’ original
cultures could stimulate their interest in mathematics. For
students from any cultural background, the use of Islamic
geometric designs in their mathematics class can improve
intercultural awareness as well as an awareness of the links
between mathematics, art and history.

Figure 1. (a) Mosaic from Isfahan, Iran, and (b) a partial
copy showing a sub-grid.
As Vithal and Skovsmose (1997) point out, however,
there is a danger in taking subjects and methods out of their
context and transplanting them into the context of “Western”
mathematics education. Nevertheless, the use of non-Western mathematical sources can inspire teachers and students.
As Zaslavsky (1999) writes, by doing so:
• “Students become aware of the role of mathematics
in all societies. They realize that mathematical
practices arose out of people’s real needs and interests.
• “Students learn to appreciate the contributions of
cultures different from their own, and to take pride
in their own heritage.

• “By linking the study of mathematics with history,
language, fine arts, and other subjects, all the disciplines take on more meaning.” (p. 318)
My position is also inspired by the work of Katz (1998) and
Gerdes (1998, 2010): there is more to mathematics than the
Greek geometrical tradition, with its 17th and 18th century
algebraic and analytical continuation (the triad of Euclid,
Descartes and Euler). The work of medieval Islamic artists
involves a rich application of geometry which students
sense.
In this article, I report on how Dutch secondary school
students actively investigated Islamic mosaics using mathematical means. This approach linked geometry teaching and
learning with the history of geometry, and with the geometrical aspects of art and design. It also linked with the
geographical and religious background of the mosaics.
When the mosaics were designed, between the 8th and 17th
centuries, the link with religion was obvious: Islamic artists
were restricted in their choice of subjects. Besides holy texts
and floral elements, only the use of abstract patterns was
allowed and Islamic geometry with its focus on the circle
and regular polygons provided rich grounds for their work.
As a whole, my approach, with its non-prototypical mathematical subject, student activities and assessment, can be
seen as an example of “critical mathematical education”
(Skovsmose, 1994). Through their investigations, the students showed pride in the culture of their ancestors, they
acted as if they themselves were medieval designers and
they learned geometry with pleasure. “Learning by acting”
is a crucial aspect of this approach and is discussed more
fully, below.
The place of the geometric design tradition in
the history of mathematics
Since the very beginning of Islamic culture, religious buildings were decorated with geometric patterns. Hundreds of
different types of decoration, often in combination with calligraphy and floral patterns, form an irreplaceable part of
Islamic architecture. In addition to architecture, geometric
patterns appear in manuscripts and carpets.
The intricacy of many designs presupposes a deep understanding of geometrical construction. One of the few
primary sources about construction is a report about gatherings held in the 10th century (Özdural, 1996). Scholars with
a background in mathematics and astronomy met with
mosaic designers to discuss geometric construction issues.
The report shows that the tradition of mosaic design stood
on its own as a field of study, with, as its main goal, the
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designing of beautiful patterns. While the mathematicians
were interested in giving proofs in the style of Euclid, the
mosaic designers allowed approximate constructions.
The production process of the geometric designs can be
divided into three stages. First, a creative process took place
in which a specific pattern with certain constraints is
designed. In this process various geometrical skills, such
as, for example, construction techniques for regular pentagons, were applied (Hogendijk, 2012). Second, a drawing
plus instructions was produced, from which the newly
designed mosaic could be reproduced. In fact, the instructions barely show how the design process took place.
Unfortunately, most of the time, the few sources that we
have show drawings without written instructions. Most
famous of these is the Topkapi scroll, an approximately 400year old document containing dozens of drawings of
geometrical patterns (Necipoğlu, 1995). Third, the pattern
was constructed to scale by artisans, coloured, sometimes
decorated further using calligraphy or floral elements, on
paper, in stucco or using cut-tiling (as in Figure 1a).
There are hundreds of primary sources concerning the
third stage but only five or so for the second stage. There
are no sources at all concerning the first stage. This fact
could be used to interest school students in working on the
geometric designs. Provided that it is presented to the class
in the right way, students can sense the feeling of reinventing mathematical design techniques (an idea also proposed
by Gerdes, 1988). This was the starting point for the activities described in this article.
The Dutch setting
I worked in schools that prepare their students for university.
The students of one class, average age 16 years, had little
interest in mathematics and had opted for a career focusing
on social, cultural or economic studies. Three students in the
class focused even more on culture and society: their subject
package included art, geography and history. The students
followed a mathematics curriculum that mainly consisted
of probability, calculus, statistics and basic algebra. They
often worked alone or in pairs and most of their motivation
originated from their focus on passing their exams.
Given the circumstances in this class, imagine the following scenario: the students are busy in small mixed groups
designing Islamic-style mosaics, relating their work to the
medieval design tradition and analysing their designs mathematically, after which they present their work to an
audience from their school community. An activity like this,
I reasoned, would motivate those with an Islamic background, as well as those interested in art or history.
Moreover, while the students are working on a fundamental
part of mathematics, as a side effect it would promote intercultural awareness.
With this idea in mind, I designed a series of lessons based
on the geometric design process and tried it out in May 2010
in a pilot project at two schools. The pilot involved 12 students aged 15-16 years from an Islamic background in a
school in Rotterdam, and 16 students aged 16-17 years from
the island of Texel, a rural part of the Netherlands with a
mainly indigenous Dutch population. A year later, an
improved version of the course was taken by a total of 30
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students from the same two schools. In 2012 and 2013 two
more cycles with revisions ran on Texel (18 and 20 students)
and in The Hague (50 students in 2013). In 2013 the course
also ran in two classes in Zürich, Switzerland.
The didactical approach: learning by acting
The design principles behind the lesson strand are based on
the conceptual framework of activity. Cole and Engeström
(1993) proposed expanding the basic mediational triangle
to model any activity system. This framework sheds light on
the possible merits and tensions of the chosen teaching strategy. It explains why students get involved and take pride in
their work.
The triangle is used here to define a didactical tool, that I
call “learning by acting”. The object of this activity is to prepare a “play”. In the triangle, the word “play” is shown in
inverted commas since often there is no formal performance:
rather, the students play a game together without any spectators except for the teacher and the students themselves
[1]. “Play” may, for example, be a so-called “management
game”: business is taught by having students set up fake
businesses and trade with their classmates. Or, when learning probability theory, students may be asked to act as if they
were members of an insurance company or gamblers. In
physics and chemistry education, this tool is called “learning
in an authentic practice”, which is quite common nowadays.
Figure 2 shows the mediational triangle for a student (the
subject) who learns in the setting of a “play”.
The main advantage of learning by acting is that the outcome is clear to both the student and the teacher: to perform
a good “play” or to play the game successfully. This product is essential for student motivation. In many situations,
the main object for a student in class is “classroom survival”
(Jaworski, 2009). However, when the class as a whole,
including the teacher, has one common goal, classroom survival is less of an issue and this goal prevails. In order to
perform a good play, the student needs appropriate tools. In
the example of the gamblers, tools could be dice and coins,
as well as mathematical tools, such as information and exercises concerning probability.
Besides the common rules set by the teacher on how to
behave in class, the teacher explains the rules of the game.
For instance, in a historical play, the teacher divides roles
among students, structures rehearsals, etc. Informal rules
stem from group authority structures in class. The division of
labour comprises, in line with Jaworski’s reasoning (2009),
formal and informal aspects: formal power rests with the
teacher who gives tasks, assesses and stimulates by giving
positive feedback or handing out prizes for the best performances. Informal power rests with the students who can
choose how to react. The community can play an important
role when they are invited to be spectators of the performance. This can motivate students to deliver a good product.
This teaching tool needs certain conditions to work effectively. Most important among these is that the students must be
able to grasp the role they play: they must have basic knowledge
of the topic. A second important condition is that the students
should use material that fits the setting in which they act.
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Learning mathematics by acting as mosaic
designers
In this example, learning by acting is used in a weaker form:
students act as if they were professional medieval artists,
who produce and present a mosaic. The play invites them
to study medieval art and its techniques. Since the students
are focused on giving interesting presentations, it is highly
stimulating to have them actually make a colourful mosaic.
By working together and completing one mosaic per group,
the amount of time needed per student is reduced.
The mediational triangle for a student who participates in
the geometric mosaic lesson strand involves the following
components.
Subject:

The student.

Tools:

Triangle, compass, theoretical and
practical information about mosaic
design, exercises, examples of
Islamic mosaics, coloured paper for
making tiles.

Objects:

To gain skills in designing mosaics
with traditional tools. To collectively design and produce a mosaic,
including a mathematical analysis of
the design made by the group members.

Extra rules:

The teacher divides the class into
groups; students parcel out the tasks
and make arrangements with group
members. The teacher announces
how the posters and the presentation
are assessed.

Communities:

The group of designers with whom
the mosaic is made and presented
(2-4 students). Family, friends and
fellow students as an audience for
the presentation.

Division of labour: The teacher gives tasks to design a
mosaic and prepare a presentation.
Formal power rests with the teacher
who assesses the presentations and
posters. Power in practice rests with
the students who can choose how to
respond in accordance with group
pressure.
Outcome:

Presentation of the mosaic including
the design process and an analysis of
the design. This demonstrates the
knowledge gained by students of
geometrical construction, symmetry
and history of ornamentation and
geometry.

The analysis of the mosaic from a modern perspective would
hinder the students taking up the role of a medieval Persian
designer. A modern perspective is represented, for instance,
by Abas and Salman (1995), who analyse mosaics using the
17 types of tessellating wallpaper patterns. However, it is
almost certain that medieval designers were unfamiliar with
this typology of tessellations. Also, this typology falls short
when it comes to analysing and cataloguing Islamic
mosaics. Therefore, in the next section I propose a way of
analysing mosaic designs that relates more directly to the
medieval tradition and enables the students to quickly
become familiar with Islamic mosaics.
Mathematical tools
Before the students could act as if they were traditional
mosaic designers they would need to become familiar with
some geometrical methods and construction tools. Here is a
short resume of the preparation program they followed. It is
not based on any pre-prepared program. Only indirect sources
are available: the mosaics themselves and some manuscripts.
The lesson strand, about 12 lessons in total, begins with a
historical introduction and some simple examples of

Figure 2. Expanded mediational triangle (Cole and Engeström, 1993) for a student in a learning by acting setting.
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Figure 3. Recent elaboration of the mosaic analysed in Figure 4 (Photo: Jan Hogendijk, Yazd, Iran).
medieval mosaics which the student can draw using folding
techniques. By working on these activities for three lessons,
the students become acquainted with the topic. Subsequently, the students practice how Islamic mosaics can be
analysed using seven concepts. These concepts (referred to
in roman numbers) are explained here with the help of a
quite common mosaic. Figure 3 shows a modern example
of this mosaic from Yazd (Iran); Figure 4 shows a diagram
with the analysis of the same mosaic. The diagram shows
part of the mosaic and (to the left) its symmetries.
The concept of global symmetry is new to most students:
the fact that there are lines of mirror symmetry (I, dotted lines)
and points of rotation symmetry (II, points with G-numbers,
where G stands for “global symmetry”) outside the centre of
the mosaic (since the mosaic can be extended infinitely) is not
immediately clear to all and must be practiced.
Next, the new concept of local symmetry (III, dotted circles with L-numbers) is introduced. This concept describes

Figure 5. Students practice drawing techniques for rosettes,
on a sheet with given polygons.
what can be found in many Islamic mosaics, especially
when it comes to local rotational symmetry: local areas with
rotational symmetry are identified by circles and a number.
For instance: L9 means that the part of the mosaic inside
the circle, when turned one-ninth of a full turn, overlaps its
original exactly. In practice, only local symmetries of order
three or higher are shown. Circles with local symmetry can
overlap and their midpoints often coincide with centres of
global rotational symmetry of lower order.
Although it cannot be proved that designers made use of
these or similar concepts, I found them a highly appropriate
and effective way to gain familiarity with the essence of
Islamic mosaics. Furthermore, local symmetry is a promising concept with which to categorize Islamic tessellations.
Almost all Islamic mosaics show translational symmetry

Figure 4. Seven aspects of many Islamic mosaics shown in one example.
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Figure 6. (a) Basic pattern and (b) the end result (detail).

Figure 8. Poster with analysis.

Figure 7. Students use coloured paper tiles.
in two directions, meaning that a rectangular part can be
identified as a repeat unit or cell (IV). Students learn to identify these in mosaics and are also challenged to find a
so-called smallest cell. This is the smallest area possible
with which, together with its reflection if necessary, the
whole mosaic can be constructed (in the student work shown
in Figure 8, it is the triangle in the upper right corner).
A practical way of defining and drawing regular stars is
introduced. Next, students learn how to define and draw a
broadly used class of rosettes (V, two types in Figure 4, student work in Figure 5). The orientation of the rosettes or
stars in regular polygons, with vertices on the midpoints of
the sides of the polygons, is important for its direct application in a specific mosaic design process, in which basic
patterns are used (VI, Figure 4; student work in Figure 6a).
A basic pattern is, in my definition, a regular covering of
the plane with a finite number of different (approximately)
equilateral polygons. Nowadays, these polygons are also
called girih-tiles (from the Persian word gīreh, knot). In
many Persian tessellations, there is a basic pattern underlying
the actual mosaic, often with at least one regular polygon in
which a rosette or a star is placed (Cromwell 2009). Figure
1 shows another example, in which four- and eight-pointed
stars were placed in the regular polygons. In the course, students learn how to find basic patterns in original mosaics.

When using basic patterns to design mosaics in this style,
some rules have to be obeyed rather strictly (VII). One of
these is that lines should not “curve” more than, say, 10
degrees at their crossing points. There are also some looser
rules on how to fill out non-regular polygons of the basic pattern relating to the goal of finding artistic balance in the whole
design. By practicing with existing mosaics, students become
familiar with the way this technique was used centuries ago
and can apply it when designing new mosaics for themselves.
The students start acting as medieval Persian
mosaic designers
After five lessons of practicing the above theory, both by
analysing old mosaics and by drawing cells of simple
mosaics and rosettes themselves, students proceeded to
make first drafts of their own new mosaic designs with the
use of a basic pattern. Subsequently, in small groups they
chose one of their designs and finished the lesson strand in
line with the learning by acting approach.
Figures 6-8 give an impression of the students’ output
[2]. All groups produced a mosaic and analysed it on a poster
like the one by three students from Texel, shown in Figure 8.
Short descriptions of the five different tiles are given and
also their relative frequencies of appearance in the mosaic
(at the bottom of the poster). The only mistake that I found
was that the circles showing areas of local 12-fold rotation
symmetry should have been slightly bigger.
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The analysis (as in Figure 8) and the presentation for peers
and relations as a grande finale were an essential part of the
lesson strand. Students showed good understanding of what
they had learnt about analysing mosaics. They showed local
and global symmetries in their designs and identified stars
and rosettes including accurate descriptions of the types.
Sometimes certain claims were disputed by the audience,
which led to interesting debates, for instance about whether
the colouring is to be taken into account when looking for
symmetries. Reflection about the final mosaics, making connections with the theory, and phrasing the conclusions
contributed for the students to the internalization of their
newly gained knowledge and skills.
Reflections on the results
Reflecting on the four lesson cycles, I find that the students
grew in mathematical experience. They learnt to globally and
structurally analyse complex geometrical figures, and applied
their knowledge in actively designing and producing mosaics
themselves. Furthermore, they communicated with other
group members and with an audience in the final presentation. The whole arrangement worked well, as all connections
in the mediation triangle were strong and effective.
The majority of the students were positive about the level
of difficulty of the lesson strand; interviews showed that
8% found it “very difficult”, while the vast majority felt
happy with the results. The responses of the Muslim students
did not differ significantly from those given by the others.
When asked how much they learnt from the course as compared to their “normal” mathematics lessons, on
mathematical knowledge the average score was “slightly
less” and on general knowledge it was “more”. This outcome might be due to the fact that the students did not
consider the process of creating a geometric mosaic a mathematical activity, which is not surprising, since it is not in
their books.
The motivation of all students was high. For those with an
Islamic background this may have to do with their recognition of the topic in their daily life. For instance, one student
said, “Sir, I’ve seen these kinds of mosaics on a mosque in
Istanbul during our holiday last summer!” In presentations,
students mentioned inspiration from their homes or even
the help they received from a grandfather to decorate their
mosaic with calligraphy. Both the teachers involved and the
audiences of the presentations were enthusiastic about the
project. The fact that the teachers plan to continue using the
material shows that the energy put into getting familiar with
the topic was rewarding.
Many students welcomed the change of lesson style and
topic saying, “Wow! I never realized that this is maths as
well!” and, “I like this a lot more than doing all these boring exercises alone!” Some of them were utterly surprised
about the fact that one can find so much mathematics in
“these simple mosaics”. A small minority struggled in finding symmetries and drawing rosettes. Since they had the
opportunity to choose relatively simple basic patterns for
their own design (as in Figure 6a) and received help from
their fellow students, their results were still quite good and
these students also took pride in presenting their work in
front of an audience.
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Unfortunately, during the presentations, students did not
discuss whether they gained a deeper understanding of how
the traditional designers worked centuries ago. Although
their output showed that the students did get a great acquaintance with the topic, they did not show awareness of this fact
explicitly. This problem may be solved in the future by
stressing this question more during class and requiring attention to links with history in the presentations.
There were some critical remarks from other teachers who
were informed about the lesson strand. These can be best
summarized with the following quotations:
• “Their goal is to make a beautiful mosaic. But what
about gaining mathematical knowledge?”
• “It is too time consuming letting them finish a complete mosaic. This should be done during art, not
mathematics classes.”
My position is that the mathematical content is indeed unlike
the mathematics that students learnt (or did not learn) before,
but the mosaic activities deal with symmetry, construction
and structuring information and are, as such, good examples of applied mathematics. Additionally, this content is
highly appropriate to the target group (students who will
not choose a technical or scientific program at university,
some of whom are particularly interested in art). I agree with
Eglash (1999), who proposes to speak of mathematical
activity within art as soon as there is an “intentional application of explicit rules” (p. 49). Furthermore, Bartolini Bussi
(2000, p. 348) suggests that the tactile element in working
with instruments in mathematics education can enhance student learning. The same holds for the design and production
of a colourful mosaic. This process is rewarding and confronts the students with the relation between mathematics
and the fine arts. The students develop a positive motivation for being in class and also increase their awareness of
links between mathematics, art and history. The effect on
learning of the presentation is also strong: students have to
analyse and verbalize their methods.
These student activities are quite different from what
“normally” takes place during mathematics class. Both the
students and their teacher need to find their new roles in the
new setting where the student objective is to deliver a good
presentation with group members rather than “to survive
the classroom” or to pass a test. The arrangement in which
both the object and the outcome differ a lot from what the
students and teacher were used to, including the new roles
for the community (see the mediational triangle in Figure
2) creates opportunities for new ways of learning, and new
motivations for learning.
Conclusion
The use of the tradition of geometric design in the way
described in this article is promising: both the students who
were not familiar with Islamic culture beforehand and those
who were, showed good motivation and created interesting
patterns. The teachers and the students were positive about
the set-up of the lesson strand. The goal of creating beautiful
geometric, Persian-style mosaics in small groups and presenting them, including the accompanying mathematical
analyses, stimulated the students to get involved. It cannot
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be proven that the goal to find out more about the way the
traditional designers could have worked by making designs
themselves was reached by the students. But, on the whole,
the students did learn a lot about symmetry, construction
techniques and ways of defining rosettes in a short time.
The presentation of the didactical tool “learning by acting” in a mediational triangle identifies ways to reduce
tensions between the items in the triangle, thus enhancing
the design of the lesson strand. The use of role-play allocates
the position of the student who tries to act as a medieval
mosaic designer and uses appropriate tools. One is tempted
to call these tools ethnomathematical but I would rather see
them in a historical perspective, and call them contemporary,
in the sense of “belonging to these early times”. This strategy deserves attention in mathematics education: other
topics can be dealt with in a learning by acting setting, and
they can be combined with matching episodes from the history of mathematics or with contemporary practical
mathematical problems.
Besides learning about geometry, symmetry and mathematical approaches to problems, the students learnt about the
cultural and historical background of geometry and its links
with architecture in Islamic culture. This work supports
Zaslavsky’s summary of how non-Western mathematical
sources can inspire teachers and students, as quoted at the
start of this article. By focusing on the mathematical content,
the tradition of Islamic geometric decoration can be used
effectively in mathematics classes, irrespective of the students’ cultural backgrounds. As an additional advantage, it
improves intercultural awareness.
I conclude with the issue of ethnomathematics and mathematics education. Our lesson strand was first and for all an
attempt to give sound mathematics education. The inspiration came from far away, in subject, method, geography and
in time. These distances did not hinder; rather, they were a
stimulus. With the choice to let students work on the topic of
medieval Islamic art, I followed the approach advocated by
Gerdes, Zaslavsky and Katz: non-Western cultures have produced mathematics and everyone can profit from its
inspiration. In our classes, at least, it worked out well.
Notes
[1] “Play” may also encompass actual drama on stage, as shown, for example, by Ponza (2000), who describes algebra lessons in which the life and
death of Galois are staged and gives further references.
[2] More pictures can be found at www.goossenkarssenberg.nl.
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