An Idea from Jakob Bernoulli for the Teaching
of Algebra: A Challenge for the Interested Pupil*

ROLAND STOWASSER, TRYGVE BREITEIG

* Translated and slightly condensed from the German in Mathematik-
lehrer, 1/1983

1. The effective method of Jakob Bemoulli for power sums:
Motivation and pattern
What in former epochs occupied the mature minds s = 2 i = —; a4 4n
of men is in later times made accessible to boys j B
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In Jacob Bernoulli’s famous book on probability—in his sy :E’ - .? M T T
Ars conjectandi (the art of conjecting) from 1713—we finda
readable discussion of the binomial numbers, Derived S () 72, U IS NSC N I S
from this we find formulas for evaluating the power 6 2 S
sums—the Bernoulli potynomials. Jakob is obviously nota | I \ ] \
little proud of this achievernent: sy = 2 =l s kot oot e

“Using this table I have, within half a quarter of an n

hour, found that the 10th powers of the first thousand S’y = 2 i= % o+ “;" o’ o+ %n” - % n'+ énz

numbers sum to i

91 409 924 241 424 243 424 241 924 242 500 S (" =2j" :%ng +_;n +%nu%m+§_n‘_%n

From this we see how hopeless is the effort which
Ismaél Eulliak{us has ‘.sifown in writing his very exten- S %y — 2 [ IR I A B A A S
sive “Arithmetica Infinitorum’. He has not achieved
much, as he has calculated only the power sums for c = 1 1 X 1 ;

1 to ¢= 6, with the greatest effort This is just a partof S(n") _ZJ"' =gttt nt o L Lt oot e
what we have reached in one page ”

Bernoulli polynomials

Even less sensible than the calculation of the insulted
Ismaél Bullialdus—acquainted with Desargues, Mersenne,

. : . bi i g Id scarcely re
Roberval—is the blind summation: The binomial theorem wou rcely reduce the amount

of calculation. But the Bernoulli polynomial dramatically
§(1000' = 1'° 4+ 2" + 3+ . + 1000 reduces the work, and the calculating is fun!

For the Learning of Mathemarics 4, 3 (November 1984}
30 FLM Publishing Association, Montreal. Quebec, Canada



10
TR0 = 90 Yoo DY GOY D90 YOY DY 919 G0 YUY 190 -]—]

1060™ 300 006 Q00 O DOD OO0 OO0 OFH D00 D80

0" = 833333333 333 333 333 333 33_’.%11%
~ 1 1o = — [ OO 000 000 DOO O 000 000
+ 1 oo = 1 001 000 OO0 DO VOO
- —l ooyt = — 300 080 000
3 50
+ - joon' = 75 20
314} (§13)
SCHH0™Y = 91 J09 Y2324 124243 121211923 252 500

Also, in the era of the computer — as in Bernoulli’s time —
the search for such effective rules {algorithms) for solving
problems already posed is a main occupation of mathema-
ticians.

In school one can find many occasions to study an
algorithm with respect to its effectiveness We have tried to
find certain recipes to make concious step-by-step improve-
ments. One example is the teaching of the so—alled conju-
gate theorem. With a sufficiently extensive table of squares
(like that of Crelle), you can solve multiplication tasks
easily by subiraction:

(n+mn—m)=n"—n’

which can be written more directly

a-bz(a_lrg)l_ (a.zb)z

2. Remarks on the teaching proposals for grade 10 {or 9}

The attempt to teach by examples claims much
preparation and care. But it preserves the pupils and
the teacher from the worst that can happen the
deadly stumber of the eternal repetition of a canal-
ized curriculum

Wagenschein

Jakob Bernoulli was interested in sums obtained from the
Pascal riangle We start by taking certain sums out of the
simple multiplication table as an opportunity to ask for fast
calculating methods. One of our results will be for instance,
that the product

[n!n+ 1!}2
2

n
is fairly good for the value of 2 i~
i =1

On the way to this, pupils knowing the usual algebraic
techniques should be completely armed, so they mayalso
use the Bernoulli polynomials (in the beginning without
proofs). And they will use this algebraic means so fre-

quently that this teaching proposal could be titled, “A
family of problems for the general repetition of basic
algebraic techniques™.

This teaching proposal (besides leading to other facili-
ties) could also serve as a preparation for “harder mat-
ters” (calculus, linear algebra, probability) in the higher
grades. For pupils coming from different classes, put
together for the purpose of equalizing individual differ-
ences in knowledge and skill, and with the goal of deepen-
ing and widening the basis for the *harder matters” to
come, it could serve as an “exemplary” approach, in the
Wagenschein meaning.

As advantages of this teaching proposal we can count

— the unity and strength of the Bernoulli method of
solution;

— the unity of the content (the multiplication table car-
ries a coherent system of pioblems so to speak within
itself);

—the importance of the results for the later integral
calculus;

— the possible adaption to very different levels

The proposal, sketched in sections 3-7, is made for usual
class teaching. Therefore we avoid there the sum (Z)
signs, so as not to give the quick reader an impression of
the elegance of the formulas, thinking that this is “higher
mathematics™ which has no place in secondary school.
For a working community of interested pupils, however,
we would not hold back such elegance. In a free working
group, released from pressure, the problem field can be so
widely exposed, that the connection between the higher
arithmetical sequences and the Bernoulli polynomials
and the Pascal numbers appears “The wonderful proper-
ties of the figurate numbers”, traced by Jakob Bernoulli,
where “eminent secrets from the whole of mathematics
are hidden .” may thus be obtained by interested pupils.

In sections 9 and 10 we sketch a teaching procedure for
such a group The “normal” teaching procedure has a
weakness which we can nevertheless appreciate. It does
not lift away from the average pupil the burden of indulg-
ing in intensive mathematical thinking. Though much
effort is made to facilitate the creative exploration of the
material through appropriate exposition and illumina-
tion, the burden is still there. But our suggestions are not
for specially gifted pupils only.

Many schools have programmable calculators o1 com-
puters at their disposal. This proposal should actually
offer material for clever uses in this connection. Here we
leave the necessary didactical considerations to the
teacher, fearing that otherwise our notice would take the
baroque form of a Bruckner symphony, which can only
open itself after repeated listening when we have learnt to
withstand its heavenly length.

3. The pattern example LEDIA as a starting point

Each problem that I solved became a rule which
served afterwards to solve other problems
Descaries
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The muitiplication table offers many kinds of summation
problems. We start by calculating the sums along the
left-running diagonals.

IEDIAS=1-5+24+4+33+4-2+ 51
We would probably not calculate

LEDIA 10000 = 1-10000 + 2-9999 + 3-9998 + .
+ 10000+ 1

with paper and pencil, but with a programmable calcula-
tor or computer. In calculating LEDIA 10°, will the
calculator boil over?

What do we have to teil it when handling such big
numbers? For the program we must express the “struc-
ture” in a much better way: with variables.

With a little intuition and with routines from elemen-
tary algebra, we can arrange this in 2 much simpler way.

(1) LEDIA n=1'n+ 2:(n— 1)+ 3 (n—2 + ..
+r—1)2+nl
=(1+2+3+. +n)yn—(1-2+2-3+ ..
+ (n—1)'n)

At both ends of the expression the reformulating was
blocked up for a while. With the summation sign we
would not have observed this.

The first part will be replaced with a simple formula by
using the Bernoulli polynomial In the second part, it
comes out that the summands are nearly square numbers

MDD =k +k
Then we have

LEDIA n:%rf + %n"- - (424 (=1 —

(+24+ . +n—1)

m%rf + %nz - (1+2+ +n)—
(1+2+. +n)
1 3 3 2 1 3 1 2 1 1 2 1
= +-n+n—-w—-n"—-p—-n—-n
A Y A
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(2) LEDIA n=ip 1l L,
6 2 3

Now the calculating of LEDIA 10° has become child’s
play, and we have, like Jakob Bernoulli, fun by sensible
calculating,

LEDIA 10° = é(10’3+3-10”+2‘-106)

1 000 003 000 002 000 000 : 6
166 667 166 667 000 000

When 7 is not a power of 10, we would prefer the factorized
expression

Bl

(2a) LEDIA n= én (n+1)(n+2)

This is easily obtained by a quadratic completion:
i+ 2-240=(+ 3+ -4
4 4 2 2 2 2
We should like to state an intermediate result here:

1'2+234+34+ .. +(n—I)n=010+2+..+n)

— LEDIA n
H12+23+34+ . +(a—l)yn= 31n3 _ %n
ot ‘
(3a) = %("“])H(H-FI)

4 More sums from the multiplication table

1t is not the knowing but the learning that gives the
greatest pleasure.
Gauss

In complete analogy with our pattern example we
consider

4 1. Line sums

N
P U )

NI I

@ kLINn ={C"1 +k2+k3+ . +kn (def)
()] kLINn=5kn(n+ 1)




4.2 Right-running diagonal sums

(6) k RIDIAn=1k+ 20+ 1)+ 3(k+2) + .
+ n(k+n—1) (def)
1

=5n(n+ De+(1-24+2:3+ .
+ (n—n)
and with (3a) this gives

(6a) k RIDIA n =%n(n+ 1)(3k+2n—2)

Especially we have of course
(6b)I RIDIA n=1*+2"+ 3"+ . 4+’

=%n(n+ BC2rt+1)

(We observe, that by this deduction of {(6b), the snake
swallows its own taill)

4 3. Triagonal sums.

-

(7) TRIn= LEDIA | + LEDIA 2+ ..+ LEDIA n
T (def)

Leplpysrdpslzslogg
3% 27 T3

— (1.134._
6 2

. (ln3 + ln2 + ln)
6 2 3

P+2+ ‘.‘+n3)+%(]2+22+ )+
%(1 +2+n)

N =

With the help of the actual Bernoulli polynomials it follows

(72) TRI n= Loy lp 1l 1,
24 4 24 4

The factorization of the polynomial is done by the ordinary
technique . One integral zero point is guickly obtained:—1.
Then instead of using a method of division (no longer
taught?), a display of unknown coefficients can be made

nt+ent+ilnté=@+an+ Bn+1)
=+ @+ +(a+Bn+8
By comparing, this makes
wten+lln+6=@+5n+6)(n+ 1

With the same method, or with quadratic completion, it
follows at last

(7b) TRI n= in(n + Dn + 2)(n +3)

5. The Bernoulli polynomial for cubes falls into our hands

I love mathematics, not only because of its useful-
ness in technology, but also because it is beautiful
Rozsa

We also calculate the sums of all the numbers ina sqguare of
the multiplication table. This gives a little surprise

While we have short expressions for the line sums, we
calculate

8 SQUARr= 1'LINn+ 2'LIN n+..+ n LIN n (def)

My -

—(I+2+ + n)"%n(n 1)

(82) SQUA n= [%n(n + P
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The square, however, can easily be split up into its margi-
nals (“gnomons™).

* 1 2 3 v

.
=
.
.

ANNNNNN

77777777

l'n+2n+ . +nnt+tnrn—1)+

nn—2)+ +n1 def
n(l+2+..+n)—n
nin+1-—1)

(9a) MARG n =

=

(®) MARG n

The marginal suins are just cubic numbers, and here is the
little surprise: with some algebra, nearly without effort, we
get the Bernoulli polynomial for the sum of the cubic
numbers

1493 sl 214, 15 1
(1 +22+ . +n [2n(n+l)] 4!‘1 +2n +4

6. The Bernoulli pelynomials for X ; and 2. j* respectively

Don’t swear by the name of your teacher but bring
forth a proof!
Proverb from antiquity
Until now we have tested them with a few numbers, but
used them without proving. Jakob Bernoulli has given
directions for proof Now we try to deduce these Bernoulli
polynomials

n
Si=1424 +n=tnm+1)=in’+
j=1 2 2

will be understood by the stair picture

1
~hn

2

n+t
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The sum of squares is a harder nut than the corresponding
sum of cubes. We are not ashamed to confess to the pupils
that we don’t see any straightforward way. So out of the
need we make a virtue!

The pupils should also learn to read written mathematics
with understanding, shouldn’t they? For this kind of work
the teacher should find some selected passages as a reading
section, with special emphasis on their being understanda-
ble Or better — several sections on the same theme, calling
on different skills,

One reading section can, for instance, develop the Ber-
noulli polynomial from the starting point

n n n n
S+ =37+327+3%+n
j=1 j=1 j=1 =1
Another will bring in the recursive argumentation
ntl
Sih= én{n +Dn+ D+ (n+ 1)
=

= é(n + 1)@+ Tn + 6)

= %(n £ 1)+ D0+ 3)

A third starting point is the picture

2n +1

===
f;JJ :I‘.}i

A +27+ 3% 4

+n2)=7ln(n+ DE2n+1)

7. A reading passage from John Wailis

Even in the mathematical sciences, our principal
instruments for discovering the truth are induction
and analogy

Laplace

A fourth reading passage on this same theme (simple Ber-
noulli polynomials) emphasizes less the finite power sums,
but more the connecting limit values. We will guide our
ordinary pupils some steps along the way of John Wallis
(1616-1713). On the way they discover through well-
planned numerical calculation some patterns: the simple
Bernoulli polynomials, and quite easily still more: the usa-
ble approximation

5 jam—L
=) T

4+ lnk
j 2



L3

We let our ordinary pupils read a page from John Wallis
Arithmetica infinitorum [1665)]. It may be found in Struik’s
source book (See Appendix). This text gives enough mate-
rial for a conversation among other things about the cir-
cumstances of the sums of cubes (Prop.40). Would not our
pupils — accustomed to formula language (M) — easily
note

03+13+23+...+n3_l+ 1

R+ +r+. +4 4 4n
ﬁ+?+f+w+ﬁ:fm+nm+nﬁ
"N

(10a) P +2°+ . + 4 S (lower powers
4 2 of n)

Do they really understand the Wallis text? Given the task
of handling the sums 142+ .+rnand 1’+2°+ +»n’ respec-
tively according to his pattern we put them on trial.
From the results
n
0+1+2+..+tn_1 : 2;‘=ln2+ln
ntntn+ . +n 2 =1 2 2

CHrP+2 4.+ 1,

P+ + . +r7 3 6n

n
37 :ir_ﬁ +%n2 + . (lower powers of n)
=

our ordinary pupils rise with Wallis even higher

I M=

jh= 1 7! +%nk + . (lower powers of n)
1

k k+1

This gives useful approximations for power sums, impor-
tant results for the coming integral calculus
Using this result for the sum

10429+ |+ 1000"

we need, instead of Jakob Bernoulli’s half a quarter of an
hour, only a fraction, and we get

10200 10 1 33 1 30
10~ 10 4 =10

_ 2011 10%

22000

=91 409 100 0G0 000 000 000 000 000 000 000 correct to 5
digits

This approach to approximation, emphasizing limits of

sequences, without doubt will prepare the ground for the
calculus course.

8. A historical remark

Archimedes will be remembered when Aeschylus is
forgotten because languages die and mathematical
ideas do not

G.H Hardy

Trying to discover the truth with the help of induction and
analogy, you need—by small conjectures and harder patt-
erns as well—a good intuition, a good nose. Wallis in his
Arithmetica infinitorum goes quickly from the limit value
just mentioned to the utmost generality of the Cavalieri
result

1
| xdx = 1 for all real numbers &k # 1
0

k+1

“Thereupon, he plunged into a maelstrom of numerical
work, and with fine mathematical intuition to guide him in
his interpolations, arrived at the infinite product for 7 that
bears his name” (Struik):

3355 7. Qnt D@t [T _4
2:4:4:6-6: +2n(2n + 2) A1
33557 @nt DEa+ ) [T
2-4-4:6-6". +2n-(2n + 2) n+2

What we now try to sketch with a few strokes is a paradigm
showing that induction is an exceptional tool for discover-
ing relationships.
1
Wallis knew | (x — x*)"2dx = | from the area of the
circle. 0 8
His nose immediately picked up the scent:

1
f(x — x)dx =7
0
Calculate, for n =0, 1, 2, 3, ... {7). Generalize.
1 n2
J = e = —2
0 ) 2n + 1)

With a mental jump
1

LA 1)
8 w@m%+n

To understand n! as 1-2'3-..-n is a too narrow setting
Widen it! But how??? With a “free” variable &, which in
turn will be killed by a limit process

KK (14 ) (1 £) o (14 2)
(+m)2+n) .. (k+n)

n!=

lim kK
k= (14n)(24n). (k+n)

n!l=
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The rest is not worth mentioning; calculate it!

The French, especially Fermat, criticized Wallis. They
claimed an unfailing proot of this result which was so easily
obtained. They claimed a complete mathematical induc-
tion {or a variant of this). Jakob Bernoulli worked through

Wallis® Arithmetica infinitorum and gave such a proof of

the power sums.

The use of mathematical induction in a simple case can
be understood by normal pupils too, as long as we avoid its
confusing logical subtleties

9. A steeper path for a working community of interested
pupils
A great discovery solves a great problem but there is
a grain of discovery in the solution of any problem
Your problem may be modest; but if it challenges
your curiosity and brings into play your inventive
faculties, and if you solve it by your own means, you

may experience the tension and enjoy the triumph of

discovery.
Such experiences at a susceptible age may create a
taste for mental work and leave their imprint on
mind and character for a lifetime

Polya

The teacher will not let ‘‘the young mathematicians™ fade
out but invites them to more demanding work on the same
theme. Fiist let them study a text considering Pascal
numbers and recursive methods. In German this can be
found in the textbook Stowasser/Mohry Rekursive Ver-
fahren, Schroedel Verlag 1978, a book which has the stimu-
lation of interest as its aim

Afterwards the pupils will be able to use recursive
methods in simple cases, know the combinatorial meaning
of the Pascal numbers and more than its two basic
properties

!
1) () = sy

) () + G D=2 50

OQur interested pupils will, after some calculating, find
themselves discovering that certain sums in the multiplica-
tion table are connected with the Pascal numbers The
steep path goes by some trials to the conjecture

3ij= ('H;z)
Fhj=nt| :

The recursive thinking must be supported by examples.
The heart of the matter can be made clear without variables

n
LEDIA 7=3ij=16+2-5+34+ 43+ 52
i+j=7 + 61

= (6+5+4+3+2+1) + (15 + 2-4
+33+42+5D

= (;) + (;’) (induction hypothesis)

=(3)

36

Here we have taken one step upwards Further steps gives

3
=D+ +G)+R+@ +(3)
This will soon tempt us to generalize
S (] +1
a3 % () = (et
=

This is however the main point in Jakob Bernoulli’s deduc-
tion of the polynomials for power sums and also for the
higher arithmetical sequences in general. Bernoulli’s main
theorem follows immediately from (13) and vice versa The
relation of {13) to the Pascal triangle is illustrated by the
following example.
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Pascal triangle in Japan
From Murai Chutzen'’s Sampo Doshi-mon (1781),
which also shows the Sangi forms of the digits

The recursive proof of (13) is trivial. We have
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according to the induction hypothesis
n+ 2)
k+1

according to (12).

The main point {13) was also stated by Blaise Pascal in
his famous paper “Traité du triangle arithmétique.. ™
Paris 1665, in an elegant way. Therefore we are surprised
that Jakob Bernoulli had so much trouble to prove his
main theorem: 5 lemmas, 4 pages,

Just like Bernoulli we fetch the Bernoulli polynomials
from (13):

(n;rl):;nl(jl)_éj

k=2

(1H-2()-+

j=1 j= i=

From this it follows

n
2j2=%(n+1)n(n—1)—%(n+l)n
j=1 1 o+t _

:?( ; )(2n+1)

In the same way it follows for k=3, from

-2 ()

j=1
n
- (s
! 2
j=1
etc.

Armed with the summation sign, the further sums in the
multiplication table should offer no resistance to our
young mathematicians.

“One has to care that the symbols are well suited to
discoveries. Usually this is obtained when the symbols
express some elements of the intrinsic nature of the con-
cept — then the mental work is reduced in a remarkable
way. "[ Newton, quoted in Wussing, Isaac Newton, Leip-
zig 1977)

The obstacles met in converting, for example, LEDIA n
(Section 3) will be overcome easily,

S (7

i+j=n+1

3 =012 e

i+1=n+1 k=1j=1
, _on n
2 ()X XXy
LiZ=n k=1j=1 i=1
etc.

To our young mathematicians we offer the “quadratic
multiplication table” for a similar exploration,

I 1 4 9 B .,

1l 1 4 9 1B
4| 4 16 36 64 ‘ .
gl 9 36 81 144

16| 16 64 144 256

The comparison of these two tables can raise interesting
problems, as for example: Under what conditions will
L.EDIA n divide the coiresponding diagonal sum in the
“quadratic multiplication table™

Afterwards the original text by Jakob Bernoulli from
1713, the chapter on Pascal numbers, should be excellent
reading for our young mathematicians. Hopefully both
the work and the quotations have highly motivated them.
1t is rewarding to look into the workshop of a master to
find encouragement and ideas for further work.

To end, Jakob Bernoulli’s beautiful results of the sums
of higher arithmetical sequences, the ideas in a system of
exercises on figurate numbers, may be appropriate. The
chapter “Figurierte Zahlen” in the already mentioned
book Rekursive Verfahren gives such a system.

The journal Mathematiklehrer (1/82) gave under the
heading “Forschungsaufgaben” some starting paths into
a great mountain landscape of problems: figurate
numbers, Pascal and Leibniz numbers, Pell triangte, etc.
Readers were challenged to journey into this landscape.
This article can be seen as such a trip, trying to take the
objective of “multirelated mathematics” (Freudenthal)
seriously. We hope that readers will put the content of the
article on trial, asking “Does it show some interrelation-
ships between the different parts of mathematics?”
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APPENDIX

A reading passage from: J WALLIS Arithmetica infinit-
orum, Oxford 1655 (quoted in: A source book in mathe-
matics, 1200-1800, edited by D J. Struik, Harvard Univ,
Press, Mass. 1969)

. Proposition 39 ! Given a series of quantities that are the cubes of a series of

I‘"D l a2 ; numbers continuously inereasing in arithmetic proportion (like the series of

. 2V0 gcgrunote : cubic numbers) which begin from a point or zero (say 0.1 8,27.64 ..); we
- | k for the rutio of this series to th ies of just b 1to th

| mbermwrung “[Ier Kauﬂmang chh , ‘ ask 1or e T Ll 118 8eries Lo e geries ol just as many numbers equal to e

it int Oteyen Siichern/mie fthonen Re
o ?ﬁln vit fragflucken Begriffen . Sunders
i

highest number of the first series.

g The investigation is carried out by the inductive method as before We have
¢h was fortl vnnd GeBendigbaic in der | RS 0+1=1 2 1 1
Yelfché Practicavii Tolleen gebrand:t | B TFT=2-i-it%d
wude/ Des gleycdhen firrmalf wider in} |4 0+1+48=9 5_1 1
Teigfcher noch in Wclfdher fprach nic | ks S+8+8-2"8"4° ¥
gedriicle. durch Petrm Apiani | PY EUEEE S R AL TRy
R von Leynick/B Aftronomei I os 1++ B: 27: e s s
: . : = 5
3 j'_?go{ﬁ“t Q?"bmﬁ’ ==l Hieir6t+ 6164 =020 16 3 T§
wiy verfertiger, o) O+14--+126=225_6 1 1
VNS [P U S Rl S8
o R i O+ -+125+216=441 7 I 1
4'%:-1:\‘%‘“‘4:? . o P T T |- Y Sl S U
'l 7] and so forth
EILLL) 1 The ratio obtained is always greater than one-fourth or } DBut the excess
w7 i decreases constantly as the number of terms increases; itis }, §, 7% %, &, 2%,

Fhere is no doubt that the denominator of the fraction increases with every
consecutive ratio by a multipie of 4, so that the excess of the resulting ratio over
} is the same as 1:4 times the number of terms after 0 ete

Proposition 40 Theorem Given a series of quantities that are the cubes of &
series of numbers continuously increasing in arithmetic proportion beginning,
for instance with 0, then the ratio of this series to the series of just as many
numbers equal to the highest number of the first sezies will be greater than }
The excess will be 1 divided by four times the number of terms after 0 or the
cube oot of the first term after 0 divided by four times the cube root of the
highest term

. . - . . LI+ I+1 . .
Pascal tr-langle, as it was first pﬂnted in 1527 The sum of the series 00 + 1% + + Pis -; B+ "IT 13 or, if m is the

number of terms '.'4_rz B4 5!“ = imla + éml“ This is apparent from the pre-

vious reasoning.

If, with increasing mumber of terms. this excess over } diminishes con-
tinwously, so that it becomes smaller than any given numher (as it clearly does}.
when it goes to infinity, then it must finally vanish Therefore:

Heading page of Arithmetik by Petrus Apianus. Ingoistadt. Proposition 41 Theorem 1 an infinite series of quantities which are the cubes
of a series of continuously increasing numbers in arithmetic progression begin-

1527 that more than a century béfore Pascal explored the ning. say, with 0 is divided by the sum of numbers sll equal to the highest and
properties of the triangle equal in number then we obtain } This follows from the preceding reasoning
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