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In the ICMI study Mathematics Education as a Research
Domain. a Search for Identity (Sierpinska and Kilpatrick,
1998), an eclectic puint of view is adopted in terms of both
the object of study in mathematics education and the objec-
tives of research, the types of problems that it is to take care
of and the nature of mathematics education as a discipline

Is there a specific object of study in mathematics edu-
cation? This question is even more difficult to answer
than it first appears, because the term ‘mathematics
education’ is ambiguous. It signifies both a practice (or
rather a set of practices) and a field of knowledge [.. ]
An analysis of the nature of 1esearch in mathematics
education raises many issues, but again and again the
issue of the complexity and multifaceted nature of the

field keeps emerging Thete are various objects of

enquiry, research approaches and paradigms, traditions,
institutional locations, practices, evaluation criteria,

adjacent fields of knowledge and a growing body of

theories, results, and publications that deserve a full
and thorough consideration. (Ernest, 1998, p 72, p 84)

In this context, it seems strange that some of the contiibu-
tions to the ICMI study propose taking ihe comparison of

theoretical foci in mathematics education as a problem of

research in itself:

we also need theoretical tools of the ‘theoretical per-
spective’ type concerning comparison of different types
and methodologies of research in mathematics educa-
tlon; [ ] Classifications, and models - if possible -
are necessary. (Boero and Szendrei, 1998, p. 208)

One of the objectives of this article is to contribute to the
above-quoted discussion. To do this, I first present the pre-
conceptions which I disagree with and basic hypotheses that
guide my point of view on the nature of didactics in mathe-
matics and its relation to mathematics education

(i) Ibelieve that the conglomerate of *foci’, ‘para-
digms’, ‘theories’, ‘traditions’ and ‘professional
practices’ of diveise types that constitute what
is commonly called ‘mathematics education’
cannot be considered globally as a scientific disci-
pline, but instead should be seen more as a
professional area and a social and cultural project
which involves, among other things, different dis-
ciplines

{ii} I postulate that it is possible to select, although not
in a unique manner, a group of theoretical per-
spectives which, starting from the study of the

problématiques of teaching and learning mathe-
matics, enable a sketch to be made of the
‘evolution’ of ‘the didactics of mathematics’, as a
scientific-experimental discipline (in its founda-
tional phase)

(iii) Rational reconstruction (in the sense of I akatos,
1971) of the evolution in the didactics of mathe-
matics, described in Gascon (1998), is assumed.
This reconstruction does not intend o be an objec-
tive and neutral description of historical facts.
Neither is it intended to exhaust the theoretical
perspectives completely nor, even less so, to
encompass the enormous richness and variety of
investigations that tend to be included in the area
of ‘mathematics education’ as described, for
example, in Kilpatrick (1992) or the ICMI study
mentioned above

(iv) The reconstruction of the evolution of the didac-
tics of mathematics that I draw on here has heen
elaborated by selecting those perspectives which
successively increase the problématique and that,
at the same titne, can be situated in the direction of
the development that culminates in the anthropo-
logical theory of didactics.

{v) The reconstruction essentially envisages two suc-
cessive enlargements of the object of study of the
didactics of mathernatics which give rise, respec-
tively, to two research piogrammes in the sense
of Lakatos (1978): the cognitive programme and
the epistemological programme.

(vi) Both of these research programmes, although aris-
ing from different theoretical perspectives, are
characterised by the nature of their ‘hard cores’ (to
use Lakatos’ terminology, which describes the cen-
tral set of tenets of a theoretical programme ten-
aciously protected from refutation), by the type of
problems that can be formulated within them and by
the mechanism of production of such problems
While in the hard core of all of the cognitive per-
spectives is a model of cognitive activity, in the
epistemological perspectives this is replaced by an
epistemological model of mathematical activity. [1]

A decision about programme incommensurability (Kuhn,
1962/1970) will depend on answers to the following
questions
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» Is it possible to present in one of the programmes
{some of) the problems that are presented in another?

« Ineach case, which are the primitive notions? How
do they relate to each other? And how do they inter-
act with the corresponding empirical bases?

« Do the phenomena which are studied in such pro-
grammes have the same nature or are they deemed
to be irrefutable phenomena?

« Is there agreement between the nature of the disci-
pline and the basic norms of work in the respective
scientific communities?

To start answering some of these questions, and due to the
fact that the limits of this project do not permit a complete
study of the theme, I focus on some of the perspectives
(which I call proceptualist) that tend to integrate what is
called Advanced Mathematical Thinking, in order to study
the question of commensurability or otherwise. [2] I take
some representatives of the most recent advances in the
cognitive programme and try to relate them to recent devel-
opments in the anthropological theory of Chevallard and
colleagues [3], which I choose to tepresent the epistemo-
logical programune

1. The cognitive programme in the didactics
of mathematics
Ongce past the pre-scientific stages, which are centred in the
spontaneous problématique of the teaching and learning of
mathematics (see Gascon, 1999h), the cognitive programme
in didactics emerges with great strength. This programme
considers learning in general, but especially the learning of
mathematics, to be a psycho-cognitive process which is
strongly influenced by motivational, affective and social fac-
tors. It represents the first systematic analysis of didactical
facts and has the honowr of having broken with a pre-scien-
tific way of thinking concerning the analysis of the didactic
for the first time.

Brousseau (1986) characterised this programme, which he
termed “a classical approach” (p 39), remarking that, in the
explanation of didactical facts:

[the] cognitive activity of a subject is cential, taking as
given that such activity can be described and explained
in a relatively independent manner from the other
aspects of the didactical relation (p. 39; my translation)

Historically, the initial evolution of the cognitive programme
was explicitly determined by the manifest insufficiency of
the general notion of “human learning’ and by the means that
were available to describe the mathematical knowledge of a
student. [4] At this point, I want to underline the decisive
importance that the epistemological model (of mathematics)
has had, which goes hand in hand with successive perspec-
tives of the cognitive programme. T will show how, through-
out the evolution of such a research programme, although it
has always been postulated that its primary object of
research is formed by the cognitive activity of the sub-
ject, such activity has been interpreted as a function of the

epistemological model of mathematics which implicitly sup-
ports it. Taking such an epistemological model as my
criterion, I distinguish three types of theoretical perspectives
within the cognitive programme

(1) Primitive conceptualists, who implicitly identify
the mathematical knowledge with a system of con-
cepts. In these perspectives, the ‘concepts’ approx-
imate to ‘black boxes’ without any operative internal
structure.

(2) Psycholinguists, who expand purely conceptualist
petspeciives to include in the epistemological
model the dimension of the language it possesses
for mathematical knowledge.

(3) Proceprualists, who attempt to model cognitive
processes related to the construction and develop-
ment of mathematical concepts This leads them to
make mathematical knowledge, in a more or less
implicit way, a problem in itself. The epistemolog-
ical model that backs up these perspectives is,
however, more explicit than that of the conceptu-
alists and psycholinguists It is also the ‘finest’, in
the sense that, for example, the concepts - such as
mathematical objects and not just as psychological
objects - stop being black boxes. These perspec-
tives tend to frame themselves under the label of
AMT (Advanced Mathematical Thinking) or APOS
{Actions, Processes, Objects and Schemes) theory.

Early conceptualist perspectives

Within the frame of the cognitive programme, the initial
problématique revolved around the notion of significant
knowledge in the sense of Ausubel (1968}, namely making
the mathematical knowledge of the student and its evolu-
tion the primary object of investigation According to Novak
(1977), a disciple and subsequent collaborator of Ausubel,
it is essential o take a theory of human learning as a base for
constiucting a model of curriculum (that is, a structured
series of previewed results of learning) and to design an
adequate teaching programme

The research wotk reaiised within the primitive conceptu-
alist perspectives attempted to study the laws that constitute
cognitive phenomena relative to the acquisition and the
development of the concepts. Some of the prototypical prob-
lems that are proposed in the study of such phenomena are
the following

PCP1 What are the spontaneous or primitive concep-
tions of the students concerning determined
mathematical concepts? How do such concep-
tions, difficulties and mistakes influence the
acquisition of knowledge in which such concepts
intervene o1 have an influence?

PCP2 How could the similarities and differences
between the conceptual structures of the students
and the corresponding structures of the mathe-
matical concept system be utilised in order for
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students to reach their potential in significant
learning?

These first cognitive perspectives take the processes of con-
struction and the acquisition of concepts as the primary
object of investigation. The adoption of this object of study
derives from an assumption about the interpretation of school
mathematics in terms of a system or net of mathematical
concepts (and it is for this reason that I label such perspec-
tives conceprualist) At the same time, it also involves a
learning model based on the acquisition ot constiuction of
concepts that the student must carry out throughout his oz
her expetience in the classroom

One could say that the early conceprualist petspectives
predominated during the 1970s and, for the most part, the
1980s (Rojano, 1994). Since then, a complex evolution, one
which is evidently still happening, has taken place. As men-
tioned before, I do not attempt to describe this evolution
‘historically”. But going back to the rational reconstruction
Thave been using as a guide (Gascon, 1998), I can say that in
the successive enlargements and completions of these first
conceptualist perspectives that can be considered to be
within the cognitive programme (essentially carried out by
psycholinguists and proceptualisis), the following postulates
are conserved in a more o1 less open way

A Tis primary object of research is conformed by spe-
cific cognitive processes of the subject which are
enriched by other aspects (linguistic, logical, epis-
temological and social) of the didactic relationship

B Teaching activity has a decisive influence over the
processes of constiuction of the mathematical
knowledge of the student In fact, one of the pri-
maty characteristics of the cognitive programme
consists of identifying the teacher with the teaching
system and, also, taking him or her as a direct and
immediate mediator between the mathematics to be
taught and the cognitive processes of the students.

Psycholinguistic perspectives
In the development of didactic research, there was a period
in which purely conceptualist accounts appeated as clearly
insufficient and non-operative. In the 1980s, interest in the
study of semantic and syntactic aspects of mathematics
emerged, in order to explain empirical observations about
the interpretations that students give to mathematical sym-
bols (Rojano, 1994) Psycholinguistic perspectives enlarge
the epistemological model of purely conceptualist perspec-
tives, because the semiotic dimension of mathematical
activity [5] is taken into account. In these perspectives, the
type of ptoblems treated by conceptualist perspectives is
significantly transformed. The main reason for this change is
that school mathematics alters from being considered a net
of concepts that a student has to construct to a langunage that
can be taught

It could be said that the main phenomenon attempting to be
studied within the frame of psycholinguistic perspectives is
the phenomenon of the disagreement between significations
1t is postulated that the notion of ‘meaning’ is a key factor
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in the didactics of mathematics, because it supposedly per-
mits the desctiption, and even the explanation, of certain
facts relating to the teaching and learning of mathematics,
1t starts from the disagreement between the ‘meaning’ that
the teacher (or the scholastic institution) attribuies to math-
ematical objects and the ones that the students give back to
him or het. Among the problems that are presented within
this perspective, with the object of explaining such phenom-
enon and its didactic consequences, is the following.

PSP1 How can we construct a semantics for the sym-
bols and the mathematical operations related to
the situations that are present in the phrasing of
the problems? (Kaput, 1987)

When consideting mathematics as a language, this language
can be considered as the result of conceptual activity
{Laborde, 1990} but, also, as a problem-solving instrument.
This way, as psycholinguistic perspectives take form, the
conviction of the insufficiency of investigating the possibil-
ities that the student has of “giving sense to the concepts™
he or she is expected to acquire also takes form Studying the
nature of the methods of utilisation in problem solving also
becomes mors necessary

‘When emphasising the role of mathematics as a language,
the existence of many mathematical objects which are not
‘concepts’ [6] becomes evident Therefore, new types of
problems of didactic investigation emerge which are still
centered atound the discordance of meaning, but with a
certain ambiguity with respect to the ‘objects’ which, within
mathematical activity, are susceptible to ‘having a meaning’,
and with respect to the nature of such meanings. From these
new types of problems, I will address the following

PSP2 What is the role that symbols play in the appropri-
ation of the basic algebraic ideas by the students, in
the context of the solution of verbal problems?
What are the ideas which are represented by the
symbols of school algebia? How should we
direct the activities designed to the stimulation of
interrelationships between symbols and ideas?
(Radford and Grenier, 1996)

PSP3 How do we make the students “active searchers
of the sense™? How do we help the students inter-
pret the situations, interpret their own actions
and assign the right meaning, in each case, to
the symbols and the operations? (Sfard and
Linchevski, 1994)

These formulations put forward that there is nothing clear
concerning the types of objects - as well as ‘concepts’, the
‘methods’, the ‘means of solution’ and the “well-formed
expressions’ - that the student should make sense of the
‘symbols’, the “situations’, the ‘actions or operations’ that he
or she uses There is also ambiguity with respect to the
nature of the presumed ‘meanings’ of such objects: are they
‘ideas’, are they mathematical objects?

Psycholinguistic perspectives are still maintained next to
primitive conceptualist perspectives, in the {rame of the cog-
nitive programme, since the ‘hard core’ (the group of basic
presumptions that are not open to discussion as the result of



a methodological decision) continues to come from a2 model
of cognitive activity which is more or less explicit Due to
the enlargement of the epistemological model of mathemat-
ical knowledge, this does not end the production of an
important change in the nature of the phenomena that are
studied in the didactic problems which are presented and
even in the teaching models that are proposed.

Proceptualist perspectives and advanced mathematical
thinking

The limitations of the early conceptualists not only favoured
the extension of their theory to include language, but also
made more apparent the need for a model of a concept as
well as of the cognitive processes that intervened in its con-
struction. A new model, one finer and more functional than
that presented by conceptual maps, was needed. New per-
spectives consequently emeiged within the cognitive
programme to overcome the many limitations and deficien-
cies of the previously-mentioned perspectives [7] Here, I
focus on perspectives that work around the relationship
between processes and concepts, I call them proceprualists
ot APOS theorists. Historically, their appearance dates back
to 1985 when a Working Group of the Psychology of Math-
ematics Education conference was interested in what is
usually called Advanced Mathematical Thinking

The origin of this new problématique is situated in the rat-
ification of the great difficulty which teachers encounter
when teaching (and the students when learning) the basic
concepts of calculus. For example, ‘Hmits’ and ‘functions’,
in the context of high-school teaching and the first year of
university (see Schwarzenberger and Tall, 1978). This prob-
lématique rapidly grew to encompass the analysis of the
difficulties, contradictions, confusions, cognitive obstacles
and, in general, the (cognitive) phenomena that appear in the
transition from Elementary Mathematical Thinking (EMT)
to Advanced Mathematical Thinking (AMT).

According to David Tall, who could be considered the
main author within these perspectives, many of the activities
that are utilised in AMT are also utilised in EMT; the dis-
tinction essentially resides in the necessary use of formal
definitions and deduction in AMT (Tall, 1991b, p. 3). With
mote precision, Tall subsequently characterises the differ-
ences among both levels of mathematical thought as
follows

The move from elementary to advanced mathematical
thinking involves a significant transition: that from
describing to defining, from convincing to proving ina
logical manner based on those definitions. This transi-
tion requires a cognitive reconstruction which is seen
during the university students’ initial struggle with
formal abstractions as they tackle the first year of uni-
versity (p 20; emphasis in original)

Cognitive structure associated with a concept

To explore this transition (in what refers to at least a differ-
ent role that definitions play in both levels of mathematical
thought), a first model of the cognitive structure associated
with a concept was initialty used (Tall and Vinner, 1981;
Vimner, 1983; Vinner, 1991). In this model, the existence of

two different ‘regions’ in such structure is assumed. One
region is occupied by the definition of a concept (concept
definition) and the second by the mental fmages associated
with that concept (concept image), which naturally includes
partial and even mistaken representations of the concept in
question. In general, it is postulated that in informal learning
of coneepts (which is the most common), the concept image
is utilised instead of the concept definition and also when the
concept definition has been constructed (paiting from the
terms of the definitions, if these have already been intro-
duced), this will tend to stay inactive in the mind of the
person and may even be forgotten

In the case of the learning of mathematical concepts, and
before the student confronts the formal definition of the con-
cept, it can be the case that both ‘regions’ of the cognitive
structure are empty Alternatively, it is also possible that the
petrson has previously constructed a concept image associ-
ated with the concept in question. When the teacher
introduces the formal definition of the concept, the follow-
ing situations could happen (Espinoza, 1998)

(1) Interaction: The concept image, if it already
existed, is thereby enlarged, including the mental
representations derived from the new definition o,
if it did not exist, is thereby formed as mathemati-
cal objects that satisfy (examples) and do not
satisfy (counter-examples) the new definition. The
enlargement (if it alieady existed) as well as the
formation (if it did not exist) of the concept image
does not have to be in perfect concordance with
the concept definition

(2) Independence: The concept image, if it already
existed, stays untouched after the appearance of the
definition of the concept given by the teacher or, if
it did not exist, it never forms In this case, both
structures develop in an independent manner If the
person is asked directly about the concept, he ot she
will respond with the definition stored in the concept
definition, but if he or she is assigned to do a specific
task that involves such a concept, then he or she will
use the concept image in order to carry it out

The pre-eminence of the concept image is clear when it is
time to act or to solve a concrete problem.

H1 In the move from EMT to AMT, many new mathemati-
cal concepts appear (function, limit, continuity, deri-
vative, etc.), which are extremely complex (they all involve
at least the multiple structures of the real numbers). They
are also interrelated with each other in a particularly
intrinsic manner. It is for this reason that any attempt to
simplify them in order to make their learning possible will
not do anything other than achieve the creation of inade-
quate concept images that, by producing ‘misconcep-
tions’ in students, create great difficulties and cognitive
obstacles which will make the formal learning of the con-
cept harder and, therefore, will constitute a new form of
contradiction and confusion in the realisation of assign-
ments imvolving such concepts.
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Therefore, a first hypothesis (H1) emerges explaining some
of the cognitive phenomena that appear in the transition
from EMT to AMT, at least with reference to the construc-
tion of mathematical concepts

Flexible mathematical thinking. the dual structure
of the objects

This first hypothesis of proceptualist perspectives suggests
that the transition from EMT to AMT cannot only be explained
at the level of difficulties in the learning of formal mathe-
matical concepts, but that special emphasis is necessary to
understand the new type of associated mathematical
reasoning, Tommy Dreyfus {1991) tells us that clementary
and junior high students leain, in their mathematics cour-
ses, a great number of standardised procedures and a great
quantity of concepts, but they acquire almost none of the
methodological tools that mathematicians use. In particular,
they do not learn to use their mathematical knowledge in
a flexible way, in order to solve problems which are new
to them.

The notion of flexible mathematical thinking can be
described starting from more primitive notions which Tall
originally takes from Piaget (1972) and from others’ work
which interprets Piaget’s work, such as Dubinsky (1991),
Sfard (1989, 1991} or Harel and Kaput (1991} Such notions
are those of mental processes (interiorised systems of
actions) and concepts produced by the encapsulation of
processes. Thereby, the concepts which ate obtained are
objects upon which a system of actions can be applied and
this can again be interiorised and give rise to a mental
process of a higher level, which is again susceptible to being
encapsulated in an object of higher oidei, and so on, suc-
cessively.

Gray and Tall (1994) refer to the combination of process
and concept produced by the process as a procept and it is
1epresented together by the same mathematical symbol,
thereby manifesting the dual nature of the mathematical
objects and the role mathematical symbolism plays in the
encapsulation (of processes into objects) - see Tall (1996) A
second hypothesis (H2) of proceptualist perspectives con-
sequently emerges to provide an account of difficulties in the
transition from EMT to AMT.

H2 The three basic notions of calculus: function, deriva-
tive and integral (as well as the fundamental notion of the
‘limit’} are good examples of procepts (Tall, 1996). The
study of elementary calculus therefore requires, from the
very beginning, enough flexibility to manipulate the same
symbol in different ways. as a representative of a process
which acts on determined objects or as a single entity to
which other processes can be applied to obtain new
objects. The strength of AMT comes precisely from the flex-
ible use of the dual structure of the determined objects
(and of the ones that are constructed from such objects).
This is enabled by the ambiguity of the notation in use. The
rigidity of the standardised procedures that characterise
EMT therefore becomes an important cognitive obstacle
and it also explains many of the extravagant conceptual
errors (Dreyfus, 1991) that most of the students display in
their first encounter with calculys
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With the goal of proposing a general theory of the devel-
opment of mathematical thinking which will cover all the
stages that come before the introduction of elementary calcu-
lus, as well as the stages that will follow (especially mathe-
matical analysis), Tall (1994), inspired by the work of Bruner,
proposed a model with thiee systems of mathematical repre-
sentation: enactive, iconic and symbolic This system is very
much related to three levels of knowledge of calculus or, in a
more geneial way, to three levels of development of mathe-
matical thinking. These levels are differentiated from each
other not only by the specific system of representation each of
them uses, but also by the way they treat mathematical objects
and by having their own proofs (Artigue, 1998)

The first level belongs to the enacrive system, that is, one
where visuo-spatial representations and expetiences ate used
which relate to action and constitute a first intuitive base in
calculus At this level, the ‘proofs’ are undertaken by physi-
cal experiences upon ‘real-world’ objects The second level
belongs to the iconic representations (numerical, symbolic
and graphic) It corresponds to the proceptual treatment of
mathematical objects which are part of elementary calcu-
lus. The proofs are based on such proceptual structures. The
third level belongs to symbolic representations. Here, foumal
definitions are used and not descriptions. The proofs ate
carried out by following the laws of logic and this level cor-
responds, according to Tall, to mathematical analysis.

A new enlargement of the didactic-cognitive problem
hereby emerges, relative to the difficulties of the transition
from ‘proceptual’ to “formal’ thinking Tall (1996) mentions,
int this case, the insufficiency of the encapsulations of the
proceptual level to ensure the transition to the formal level
and undeilines the chasm between them:

At the formal end of the spectrum there is a wide con-
ceptual gulf between practical calculations or symbolic
manipulations in calculus and the theotetical proof of
existence theorems in analysis I conjecture that this is
so wide that it causes a severe schism in courses (pat-
ticularly in ‘college calculus’) which attempt to bridge
the gap between calculus and analysis during the first
encounter with the subject (p 296)

Dubinsky’s modei (1991)

Among the proposed models in the frame of these perspec-
tives, Dubinsky’s (1991) model stands out. In a certain way,
it completes that established by Tall. Taking Piaget’s reflec-
tive absiraction as the central notion, Dubinsky attempts to
elaborate a theory of mathematical knowledge and its acqui-
sition to be applied, especially, to mathematical education
at university level (Dubinsky, 1996)

One of the objectives in Dubinsky’s general theory is to
isolate small coherent portions of mathematical objects’ and
processes’ complex structure that conform to each indivi-
dual’s mathematical knowledge and therefore give explicit
descriptions of the schemes and possible relations among
them When this is done to a particular concept, a genetic
decomposition of the concept arises. Such a decomposition
does not have to become the valid decomposition for all stu-
dents; it simply represents a reasonable path that they could
use to construct the concept



Following Piaget, Dubinsky considers the existence of
three kinds of abstraction: empirical, pseudo-empitical and
reflective. Only this last one is able to produce a constructive
generalisation. In particular, reflective abstraction permits
the realisation of the following five types of constructions

(1) Interiorisation. moving a succession of material
actions (applied to objecis) to an interiorised
system of action. The result of interiorising a
system of actions receives the name of process.

Numbers, functions, vector spaces, groups, etc. ate

all examples of objects. Among the actions that are

considered are: the dual determination, calculus of

the derivative function, etc.

(2) Co-ordination: using one or MOore Processes to con-
struct new processes.

(3) Encapsulation: converting a dynamic process into
a static object.

(4) Generalisation: extending and enlarging the appli-
cability of a scheme.

(5) Inversion: inverting a process that already exists
internally, in order to obtain an inverse process

For Dubinsky, mathematical knowledge can be described in
terms of a structural collection of schemes and the existence
of a scheme is inseparable from the dynamic action of con-

struction and 1econstruction. He postulates the necessity of

creating a model of the structure and the internal dynamics
of schemes that will serve as the foundation for the con-
struction of a theory of cognitive development of subjects.
Dubinsky interprets the schemes as necessary cognitive
models for the understanding of concepts. Among concepts
(and among schemes), he assumes relations of co-ordination
and subordination In this way, within the scheme (of the
concept) ‘topological space’, there can be a scheme for the
concept ‘continuous function’; within the scheme of ‘vec-
tor space’, there can be a scheme for the concept ‘linear
function’. By co-ordinating ‘continuity’ and ‘linearity’, we
get the idea of the ‘continuous linear function’.

The availability of an explicit model of the internal structure
and the development of concepts results in some problems that
could have been enunciated formally in early conceptualist
perspectives, but which now involve a completely different
approach.

PP1 How could the differences and resemblances
between the conceptual structures of students
and the corresponding structures of mathematical
concepts be utilised in order to maximise stu-
dent learning?

PP2 How should traditional methods of teaching be
modified in order to help students construct the
necessary schemes for the understanding of con-
cepts (Dubinsky, 1991, p. 119)? In particular, the
lack of ernphasis on visual aspects can become a
serious impediment that will make the students’
learning process more difficult?

In general terms, to create a certain type of problem of
didactic investigation, proceptualist perspectives take as a
hard core a more or less sophisticated model of the concept’s
structure (which also presents differences among the differ-
ent authors), as well as of its own development.

In the works of Dubinsky, such a model together with
empirical data (especially the difficulties of the students)
is utilised to elaborate a genetic decomposition of a mathe-
matical concept. This decomposition is used to guide
instructional design.

2. The epistemological programme: a new
research programme

Within the frame of the cognitive programme, the primary
object of investigation is formed by cognitive processes 1el-
ative to the mathematical knowledge of the subjects. This
knowledge is strongly conditioned by the educational activ-
ity of the teacher, who is considered io be the direct and
immediate mediator between the mathematics to be taught
and the students. These assume that the mathematical knowl-
edge that comes into play has been given as transparent,
unquestionable and, most definitely, not problematic; also,
that such knowledge can be assigned a certain ‘absolute’
character, thereby ignoring institutional relativity.

Under these conditions, it is clear that the implicit episte-
mological model, which is dominant in an institution, cannot
be questioned: therefore, neither is the studying of the
didactic-mathematical phenomena that consequently remain
invisible [8] In fact, a common characteristic in didactic-
cognitive research (that attempts to study the teaching and
{earning of mathematical knowledge C in an institution I)
consists of assuming the interpretation C that, because of
whatever reason, has been imposed in 1. A paradigmatic
example of this assumption and the limitations that it car-
ries is given by the dominant epistemological model of
‘elementary algebra’ in current secondary school teaching:
this model identifies ‘elementary algebra’ with a sort of gen-
eralised arithmetic. This has lead to locking in many of the
investigations to an ‘arithmetic frame of reference’, relative
to the learning and teaching of elementary algebia in high
school (Gascén, 1993, 1994),

Among didactic phenomena that have stayed invisible
for many decades are:

« the de-algebraicisation of the curriculum of com-
pulsory secondaty teaching;

» the mathematical irresponsibility of the students;

« the atomisation of the process of the institution-
alised teaching of mathematics;

= the paradox of mathematical creativity;

» the absence of a genuine mathematical discipline in
scholastic institutions;

» the algebraicisation of school differential calculus [9]

Such phenomena can only be looked at from a scientific
perspective if determined objects (such as ‘creative mathe-
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matical activity’, *school differential calculus’, *mathematical
discipline’, etc.} that are taken ag transparent (pata-didactic

objects) in the cognitive programime come to be objects of

study in themselves: that is, they are taken as didactic objects
(modelled by the didactics of mathematics), which integrate
the correctness of the didactic problématique (Gascon, 1998,
p. 17). This is precisely the originality of the epistemologi-
cal programme in the didactics of mathematics. It opens a
new means of studying didactic phenomena through the
explicit modelling of taught mathematical knowledge

One of the essential characteristics of this point of view
consists of taking mathematical activity in itself,ie stu-
dent mathematical activity, as a primary object of inves-
tigation. This provides the origin of the term experimental
epistemnology which Brousseau initially gave to the didactics
of mathematics. Therefore, it is postulated that all phenom-
ena, relative to the teaching and learning of mathematics,
have an essential mathematical component (Brousseau,
1994} and this brings about a new tesearch programme in
the didactics of mathematics - the epistemological pio-
gramme, which also receives the name findamental didactics

The step from the cognitive to the epistemological pro-
gtamme constitutes what Lakatos calls a progressive change
in a problemshift, with the consequent increasing of heuris-
tic power of the new research programme This increase is
corroborated by the appearance of new types of problems, of
new auxiliary theoties and the appearance of new facts and
phenomena.

For the first time, the notion of a didactic phenomenon
which cannot be reduced to associated psychological, soci-
ological or linguistic phenomena emerges. In this way, one
of the basic implied postulates of the cognitive programme -
in which it was assumed that all phenomena related to the
teaching and learning of mathematics were reducible, in the
{final instance, to specific psycholinguistic phenomena - is
contradicted This is the reason why, while inside the frame
of the cognitive programme didactic-mathematical facts
are used to explain certain psycholinguistic phenomena; in
the epistemological programme, on the other hand, the psy-
cholinguistic behaviour of the subjects is used to explain
didactic-mathematical phenomena.

The emergence of didactic-mathematical phenomena is
a characteristic of the epistemological progiamme and is
followed by the emergence of didactic-mathematical prob-
lems, since in every scientific discipline each type of problem
makes reference to (some aspect of) a phenomenon. The
haid core of this new research programme is initially con-
structed by a general epistemological model of mathematical
activity at school and, at the same time, by specific episte-
mological models of the various “branches’ of school mathe-
matical activity. The educational model {and in particular,
what is understood by teaching and learning mathematics)
will therefore be formulated by making use of the primitive
terms of the epistemological models which have been men-
tioned

Historically, the epistemological programme was inaugu-
rated by the theory of didactical situations (Brousseau, 1972,
1986, 1997). [10] As the programme developed, it became
evident that it was not possible to interpret school mathe-
matical activity adequately without taking into account
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phenomena related to the school reconstruction of mathe-
matics, which has its origin in the institution that produces
the mathematical knowledge. Therefore, the phenomenon of
the didactic transposition (Chevallard, 1985) appeared and,
as a natural consequence, the anthropological theory of
didactics. In this theory, institutionalised mathematical
activity is taken as the primary object of research and, there-
fore, a general model of institutionalised mathematics
{which includes, as a particular case, school mathematics)
and a model of institutionalised mathematical activities
(which includes, in particular, the teaching and learning of
mathematics at school) have to be made explicit.

In the most recent developments of the epistemological
programme, this model articulates the notion of praxeology
{mathematical and didactic) and establishes the hard core
of the current version of the anthropological theory. [11]

3. Two incommensurable research pro-
grammes?

The case in which two theories cannot be compared in any
way is talked about in terms of incommensurable theories
Kuhn (1962/1970) utilises this notion (which has also been
incorporated by Lakatos with reference to his work on sci-
entific research programmes) to refer to the gap between two
normal scientific traditions which are prior and subsequent
to a scientific revolution. The corresponding communities of
investigation “practice their professions in different worlds”
In particular, two incommensurable theoties disagree
regarding the following:

» the types of problems that need to be discussed,;

« the nature of its discipline and the basic norms for
its functioning;

« the relationships that are established among the
primitive terms that are utilised, the concepts that
ate constructed and the experiments that are
designed;

«+ the need to demonsirate a law that for a given com-
munity can be unprovable and for another can be
taken as intuitively evident

It can be said that between two incommensurable theoties,
ot even better, between the corresponding scientific commu-
nities, a radical misunderstanding exists, one which cannot
be resolved through proof. On the contraty, two theoties (or
two progtammes of investigation) are said to be rivals if,
despite having the same hard core, they nevertheless pro-
pose different posirive heuristics, another technical term of
Lakatos’ (1978, p. 49) account of scientific tesearch pro-
grammes.

In this sense, for example, the theory of didactic situations
and the anthropological theory of didactics are potential
rivals, given that both share an epistemological model of
mathematical activity in their hard core (which at least per-
mits them to be compared) and that they both propose
different positive heuristics. The integration of these two
theories requires, in the first place, a detailed comparison of
the corresponding hard cores with the objective of analysing



the possibility that they could be developed with a unified
common hard core In the second place, it would be neces-
sary to revise the coherence of the corresponding positive
heuristics in line with this new unified hard core.

The topic I now twzn to with more precision is the follow-
ing: to what extent can APOS theory [12] and the anthro-
pological theory be consideted rivals? Ot, on the other hand,
are these theories incommensurable? What relationships can
be established among the types of problems that they
address and between their respective hard cores?

The relationships between the types of problems that
construct both theories

One could claim that different theoretical perspectives in the
didactics of mathematics encompass different problems.
One could even talk about a phenomenon of dispersion and
isolation of the didactic problems. But one should never
forget that, just as with other scientific-experimental disci-
plines, the didactics of mathematics also constructs its own
problems and that these, far from being eternal and immu-
table, evolve in conjunction with the evolution of the corre-
sponding didactic theory {Gascén, 1993). This does not
impede the search for points of contact between the didactic
probletus encompassed by proceptualist perspectives and by
the anthropological theory.

Consider an ensemble of “‘didactic facts’ (recognised as
such by both theoretical perspectives) Once the problems -
relative to such a problématique in each of the perspectives
- have been stated, they can be contrasted or at least com-
pated Take, for example, the initial problématique of the
proceptualists: namely, the great difficulties that teachers
encounter when teaching {and the students when leatning)
the basic concepts of calculus, within the frame of secondary
school and the first year of college. We have already seen the
way in which different proceptualist petrspectives conceptu-
alise this problématique, how they use the notions they
construct to hypothesise the existence of different ‘phenom-
ena’ (like, for example, the alleged ‘transition between two
levels of mathematical thinking’ - from EMT to AMT) and
which are the ‘didactic problems’ that they state in order to
give an account of such phenomena. Therefore, for example,
they offer the problem of how concept image and concept
definition relate to each other or that of how students can
be helped to construct the necessary schemes for the com-
prehension of a particular concept

In the frame of the anthropological theory, the conceptual-
isation of the facts that form the foundation of this problé-
matigite would be very different Above all, it would be
*depersonalised’, in order to state it in institutionalised terms
Consequently, it would be postulated that many phenomena,
which are relative to the study of mathematics (Chevallard,
Bosch and Gascén, 1997) and that appear in the first college
cycle, can be explained in terms of the contradictions and
sudden changes among the mathematical-didactic praxeolo-
gles of high school and college. Or, equivalently, there are
those that can be explained among the clauses of the institu-

tionalised didactic contracts that dictate the type of

mathernatical activity that each institution has the possibility
of engaging in With the help of the notions of point, local and

regional praxeology [13], the following general provisional
conjecture could be stated, in order to explain many phenom-
ena that characterise the transition from studying mathematics
in high school to studying mathematics in college

The mathematical praxeologies that are studied in high
school are point ones and very rigid One of the main out-
comes of this rigidity comprises increasing the difficulty or
even impeding the study of local mathematical praxeolo-
gies in high school Ignoring the absence of local
praxeologies in high school, the study of regional mathe-
matical praxeologies is proposed in college. I postulate
that the absence of an institution, one in which the study
of local mathematical praxeclogies takes place, is the
cause of many of the difficulties for both directing the study
process and making it work in the first year of college

This general conjecture concentrates a group of specific
conjectures whose empirical contiast to, as well as its rela-
tionship with, other didactic phenomena could be stated as
didactic problems. [14]

{a) Relative to the rigidity of the mathematical praxe-
ologies that are studied in high school like, for
example, the dependency of the nomenclature asso-
ciated with a specific technique, the non-existence
of two techniques for the same problem in some
mathematical homework and the non-teversion of
techniques in order to realise homewortk inversely,
among others.

(b) Relative to the step from a ‘showable’ mathematical
organisation {in high school) to a ‘provable’ one (in
college) that is manifested in the change of roles
in the definitions (from desctiptive to constructive)
and in the step from the preponderance of the pro-
blems to be resolved to the problems to be demon-
stiated (Gascon, 1997)

(c) Relative to certain general characteristics of the
mathematical organisations that are studied in high
school, like for example: the intrafigural character
of the study of geometry (in high school, neither
the relations between figures, nor the properties of
geometric space are studied) and the pre-algebraic
character of school mathematics (Gascén, 1999a)

Given the chasms among the phenomena that can be
detected and described in each of the perspectives, as well as
the different nature of the problems that are stated, it does
not seem that the results that one could obtain can be com-
parable with each other Therefore, at this point at least, I
have come to what appears to be an initially pessimistic con-
clusion regarding their potential commensurability.

Towards a confluence of the respective hard cores?

In contrast to the pessimistic conclusion that was stated
before, a progressive approximation between the APOS
theory and the anthropological theory is possible, in a
prolongation of the rational reconstruction that I assumed
before (Gascon, 1998) This approximation is reciprocal and
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in both instances flows towards specitic, local epistemolog-
ical models that, as I now show, occupy a place which takes
on greater and greater importance in the hard cores of the
respective programmes

It is from inside proceptualist perspectives that a critical
attitude regarding the purely ‘cognitive’ nature of the didac-
tic explanations begins to manifest itself:

1am asserting, however, that not every event in a math-
emaiics learning can be explained in cognitive terms,
and that it is a fallacy to assume that the cognitive
approach is adequate for almost every situation in
mathematics learning. (Vinner, 1997, p 97)

Vinner specially underlines the limitations of explanations
based on the ‘pre-concepts’ of the students:

But it seems that whenever we want to explain stu-
dents’® statements in mathematical contexts, ow
immediate tendency is to describe their ideas about
fractions, functions, continuity or isosceles triangles,
ignoring other potential causes. (p. 98)

At this point, he states the notion of the didactic contract in
relation to the question of how it is possible to distinguish
genuine situations of learning {or problem solving) from
false ones:

[Students] are forced to learn certain topics or io solve
certain problems. But nobody has control over their
thoughts  Because of the didactic contract (Brousseau,
1988), they are not supposed to demonstrate their lack
of interest in the activities imposed on them by the edu-
cational system They will try to please the educational
system with certain behaviours acceptable to the sys-
tem. The most promising behaviour that students can
think of is to give the correct answer to a question
posed to them by the teacher. Therefore, instead of
fearning or problem-solving processes, they attempt
other processes which can produce the correct answer.
(p 98)

The indissoluble unity of the ‘mathematical’ and *psychologi-
cal’ aspects of the basic components of APOS theory that
constitute its hard core continues to defend itself explicitly

The processes to be discussed in this chapter are math-
ematical and psychological ones, and in many cases
they are both; in fact, the mathematical and the
psychological aspects of a process can rarely be sepa-
rated For example, when you buitd a graph of a function,
you are executing a mathematical process, following
certain rules which can be stated in mathematical lan-
guage; at the same time, however, you are very likely
generating a visual mental image of that graph; in other
words, you are visualising the function in a way that can
later help you reason about the function. The mental and
the mathematical images are closely linked here Nei-
ther can arise without the other, and they are in fact
generated by the very same process; they are, respec-
tively the mathematical and the psychological aspects of
this process (Dreyfus, 1991, p. 26)

But in scientific practice, there is a progressive movement
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towaids the identification of such components with its
‘mathematical”aspect Therefore, the genetic decomposition
of a concept in Dubinsky’s model {Asiala et al, 1996) ends
up manifesting itself in a group of mathematical assign-
ments, Take, for example, the case of the concept of
vatiable, Its decomposition contains three types of mathe-
matical assignments:

« those which refer to the conceptualisation of the
unknown variable, ie.:

identify the unknown variable in a specitic situ-
ation, and adequately symbolise it through an
equation. (Trigueros, 1999, p 285)

+ those relative to the conceptualisation of variable
as a general number, i :

simplify o1 develop algebraic expressions (p. 286)

» those which refer to the conceptualisation of the
variable in a functional relation, i e

determine the intervals of variation of one of the
variables when the intervals of the other are
known. (p. 286)

The anthropological theory, which emerged as a natural
development of the epistemological programme, has had an
evolution determined by a progressive concretisation and
specification of the epistemological model that constitutes
its hard core. [15] Initially, the theory of the didactic trans-
position proposed a vaguer modelling of mathematical
knowledge, in terms of mathematical, paramathematical and
protomathematical objects The subsequent introduction of
the ecological problématique permitted building into the
study the restrictions and hierarchical interrelations that are
created among the objects of mathematical knowledge and
its teaching, in what constituted a first refinement of the
epistemological model.

The next step was given by the theory of ‘the relation to
knowledge’ (le rapport au savoir) that situates didactics in
the field of cognitive anthropology, enlarging its domain
{mathematical knowledge is a result of institutionalised
human action and, as such, is utilised, taught and, in general,
is trtansposed within institutions), while refining at the same
time the axioms of the theorisation But in this arena, a
model of institutionalised mathematical practices that would
enable their description and the study of their realisation was
not deployed The most recent developments in the anthro-
pological theory, with the introduction of the notion of
praxeological organisation or praxeology, fills this gap,
thereby taking another step towards the concretisation of the
epistemnological model.

Many important differences still exist among the local
epistemological models (explicitly in the anthropological
theory and more implicitly in APOS theory) that are pro-
posed. I will mention that in the anthropological theory, in
order to reach a description of global mathematical activity,
one has to depart simply from homework and mathematical
techniques. From a point praxeology generated by a unique
type of homework, we move on - by successive aggrega-
tions - to local praxeologies (which ate centered in a



technology) and to 1egional praxeologies (which are cen-
tered in a theory - see Chevallard, 1999) In APOS theory,
on the contrary, one keeps on starting off from the same con-
cepts in order to reach the phenomenon of mathematics
homework that is supposedly required by the construction or
comprehension of such concepts.

I suggest, in this synthesis, that the possible commensu-
rability between both research programmes will depend, on
the one hand, on the capacity of APOS theorists to integrate
their ‘cognitive’ , which becoming cioser and closer to ‘local
epistemological models’, into a global model of mathemati-
cal activity (the most recent works of Tall and Dubinsky
seem to be oriented in that direction) On the other, it will
depend on the capacity of the epistemological programme
and, in particular, anthropological theorists to take into con-
sideration the ‘molecular’ level of mathematical activity
within their epistemological models [16]

Acknowledgements

Thanks to the outstanding collaboration of Carmen Chamotro,
Eduardo Lacasta and Alain Mercier, some of the ideas in this
article were presented for the first time in the Xiéme Ecole
d’Eté de Didactique des Mathématigues which took place in
Houlgate, France in August 1999 (Gascon, 1999¢).

Notes
[1]11 would like to underline that, although I will inevitably use specific
works to ‘represent’ the different perspectives, these are theoretical con-
structions and therefore they do not correspond to real, ‘visible” historicat
facts It should be very ciear that I am analysing and interpreting tendencies
but in ne way authors.
{2] In the book with the same name, Advanced Mathematical Thinking,
edited by David Tall (9%ia), a good compilation of works which are rep-
resentative of the first developnients of this approach can be found. The
most recent developments of this approach is Action-Process-Object—
Schema (APOS) theory (see, e g Asiala et al  1996) In Artigue (1998),
these perspectives are integrated within “les problématigues des rapports
processus-objects (p 231)
[3] The latest developments of the anthropological theory of the didactic are
presented in Chevallard (1992, 1997, 1999), Chevallard, Bosch and Gascdn
{1997), Gascon (1998) and Bosch and Chevallard (1999).
[4] The fitst point of inflection is constituted by the faternational Group of
the Psychology of Mathematics Educarion (PME) (Bauersfeld, 1976),
which identified the need to take into consideration a kind of “specificaily
mathematical knowledge” The investigators of this group took, as a new
primary object of investigation, the processes of mathematical learning of
a student and started to construct instruments to describe such processes
[5] Within this new perspective, I should note the work of Freudenthal
(1983) that marks, by itself, a new line of development of the cognitive pro-
gramume Given its importance. its complexity and its originality, it would
require a special study which I cannot undertake here Therefore, I will not
include him in my rational reconstruction Suffice it to say that his ‘phe-
nomenological analysis’ of a concept or of a mathematical structure consists
of the description of the ‘phenomenon’ (objects of our mathematical expe-
rience) for which the concept or the mathematical structure being observed
is the “means of organisation™ and the identification of the interrelations
between the ‘phenomenon” and the corresponding ‘means of organisation’
Given that mathematical objects are incorporated inte the world of cur
experience (in particular, through ostensive objects such as sounds, graphs,
etc , that are manipulaied in mathematical activity), they become new ‘phe-
nomena’ that, at the same time, require new means of organisation, and so
on. A stepped production of “phenomenon-means’ pairs of organisation are
conseguently observed (Puig, 1997), which reminds me of the recurrent
character of the process of modelling and manifests the interdependence
between mathematical activity and mathematical concepts and structures
that it produces and that, at the same time, forms the base from which such
activity is developed Given the importance of the notion of “mental object’

in the construction of concepts, the work of Freudenthal can initially be
situated in the frame of the cognitive programme, although it would also
be possible to take from his work an epistemological model that is based
on the phenomenological analysis and that clearly comes close to the epis-
temological programme
[6] Although in algebra there are concepts that have to be taught such as
variable. operation, polynomial and equation, it is also true that:
in algebra, cerrain teacking objects are not concepts The writ-
ing ax + b is a well-formed expression and, as such, it has a
meaning. The question of knowing whether the student effec-
tively attributes a meaning to this writing, and what that is, is
crucial in the didactics of algebra. But ax + & is not a concept
in the same sense that multiplication or plane are (Drouhard,
1992, p 6; my translation and emphasis)
[7] Among such perspectives, the theory of conceptual fields stards out.
Because of reasons analogous to the case of the phenomenological analysis,
I will not include it in my rational reconstruction This theory is explicitly
sitnated inside the cognitive programme:
La théorie des champs conceptuels est une théorie cognitiviste,
qui vise & fournir un cadre cohérent et quelques principes de
base pour 1'étude du développement et de I"apprentissage des
commpétences complexes, notamment de celles qui relévent des
sciences et des techniques Du fait qu’elle offre un cadre pour
I’aprentissage, elle intéresse la didactique; mais efle n’est pas a
elle seule une théorie didactique {Vergnaud, 1991, p. 133)
But that perspective includes in its hard core an explicit and operative mod-
elling of the concept as a triad of groups: C = (8, 1, 8), where S is the set of
situations - which are identified initially with *homework’ - which give
meaning €0 the concept (the référence); 1 is the set of invariants on which
the operativity of the schemes (the sigrifi¢) rests; s is the set of ways of
symbolically representing the concept, its properties, the situations and the
procedures which are useful for dealing with such situations (the signifianr)
Atlso, and even though the theory of conceptual ficlds is not specific to
mathematics, when it attempts to explain the progressive conceptualisa-
tion processes of additive or multiplicative structures, of spatial-numerical
relations or of algebra, it takes epistemological models of the mathemati-
cal concepts involved as a starting point. Vergnaud goes on:
Certains chercheurs privilégient, pour cette analyse, des mod-
¢les de la complexité relevant soit de la linguistique, soit des
théories du traitement de 1'information La théorie des champs
conceptuels privilégie au contraire des modéles qui donnent un
role essentiel aux concepts mathématiques eux-mémes. (p 146}
In suminary, the theory of conceptual fields must be considered as a pet-
spective between the cognitive and the epistemological programme
[81 I label didactic-marhematical phenomena those which depend on the
specific characteristics of the institutionalised mathematical organisation
and of the current institutional didaciic contract (Brousseau, 1997). They
are irreducible o psychological, sociological or linguistic phenomena. The
epistemological programme postulates that all phenomena relative to the
learning and teaching of mathematics depend on certain didactic-mathe-
matical phenomena
[9] A didactic analysis of these phenomena can be found in Chevallard,
Bosch and Gascon (1997), Boelea, Bosch and Gascon (1998a, 1998b) and
Gascon (1998, 1999a).
{10] Brousseau {1997) is an abridging, in English, of all of Brousseau's
works pubtished between 1970 and 1990 Given the privileged position that
the theory of didactical situations occupies in my rational reconstruction
of the evolution of didactics of mathematics, I believe that the develop-
ment of such a theory and its diffusion can help clarify the relationships
between both research programmes in the didactics of mathematics
[11] The first formulations and exemplifications of such models can be
found in Chevallard (1997, 1999), Chevallard, Bosch and Gascdn (1997),
Gascdn (1998) and Bosch and Chevallard (1999)
[12] The set of theories that I have been explaining in the proceprualist
perspectives.
[13] The notions of ‘poiat-, ‘local’, and 'regional praxeology are described
and exemplified in Chevallard (1999)
[14] These conjectures are being effectively contrasted in a work in
progress (Gascon and Fonseca, 2000). whose first results will be presented
shortly
[15] The details of this evoluticen have been described in Bosch and Cheval-
fard (1999, pp. 82-87)
[16] Both conditions are complex and are related to the role assigned, in
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each case, to the semiotic instruments of mathematical activity From the
perspective of the anghropological theory, any rival theory should also pri-
oritise (take as a primary object of investigation} the study of institu-
tionalised mathematical activity and the didactic-mathematical phenomena
which emerge from such activity.

Reterences

Artigue, M. {1998) ‘I’évolution des problématiques en didactique de
Panalyse’, Recherches en Didactique des Mathématigues 18(2), 231-262.

Asiala, A, Brown, A, de Vries, D., Dubinsky, E, Mathews, D and
Thomas, K. (1996) *A framework for research and curriculum develop-
ment in undergraduate mathematics education’, in Kaput, I, Schoenfeld,
A and Dubinsky, E. {(eds), Research in Collegiate Mathematics Educa-
fion IO, pp. 1-32

Ausubel, D. (1968) Educational Psychology. a Cognitive View, New York,
NY, Holi, Rinehart and Winston

Bauersfeld, H {1976) ‘Rescarch related to the mathematical learning
process’, in Proceedings of the Third ICME Conference, 1, pp 61-70

Boero, P. and Szendrei, J {1998) ‘Research and results in mathematics edu-
cation: some contradictory aspects’, in Sierpinska, A and Kilpatrick, ]
(eds), Mathematics Education as a Research Domain. a Search for Iden-
tity, Dordrecht, Kluwer Academic Publishers, pp 197-212

Bolea, P, Bosch, M. and Gascon, J (1998a) ‘Le caractére problématique
du processus d'algébrisation: proportionnalité et grandeurs dans l'en-
seignement obligatoire’, Actes de la IXéme Ecole d’Eté de Didactique
des Mathématiques, ARDM, 153-159.

Bolea, P, Bosch, M and Gascén, J (£998b) ‘The role of algebraization in
the study of a mathematical organization , in Schwank, I (ed ), Pro-
ceedings of CERME-1, Osnabriick, Forschungsinstitut fiir Mathematik-
didaktik, 2, pp 135-145.

Bosch, M and Chevallard, Y. (1999) 'La sensibilité de 1’activité mathéma-
tique aux ostensifs: objet d'etude et problématique’, Recherches en
Didactique des Mathématigues 19(1), 77-124

Broussean, G (1972) ‘Processus de mathématisation: la mathématique &
I’école élémentaire’, Paris, APMEP, pp 428-442

Brousseau, G. (1986) ‘Fondements et méthodes de la didactique des
matheématiques’, Recherches en Didactique des Mathématigues 7(2).
33-115

Brousseau, G (1988) ‘Basic theory and methods in the didactics of mathe-
matics’, in Verstappen, P (ed ), Proceedings of the Second Conference
on Systemartic Co-operation between Theory and Practice in Mathe-
matics Education, Enschede, The Netherlands, pp 109-161

Broussean, G (1997) Theory of Didactical Situations in Mathematrics.
Didactigue des Mathématiques 1970-1990 (Balacheff, N, Cooper, M,
Sutherland, R. and Warfield, V, eds and trans ), Dordrecht, Kluwer
Academic Publishers

Chevallard, Y (1985) La Transposition Didactique. du Savoir Savant au
Savoir Enseigné, Grenoble, La Pensde Sauvage

Chevallard, Y (1992} ‘Concepts fondamentaux de la didactique: perspec-
tives apportées par une approche anthropologique’, Recherches en
Didactique des Mathématiques 12(1), 73-112

Chevallard, Y (1997) “Familiére ¢t problématique, la figure du professeur,
Recherches en Didactique des Mathématiques 17(3), 17-54

Chevallard, Y (1999) ‘L’analyse des pratiques enseignantes en thécrie
anthropologique du didactique’, Recherches en Didactique des Mathé-
matigues 19(2), 221-266

Chevallard, Y, Bosch, M and Gascédn, J (1997) Estudiar Matemdticas. el
Esiabdn Perdido entre la Ensefianza y el Aprendizaje Barcelona, ICEf
Horsori

Dreyfus, T (1991} ‘Advanced mathematical thinking processes’, in Tall, I
{ed ), Advanced Mathematical Thinking, Dordrecht, Kluwer Academic
Publishers, pp. 25-41

Drouhard, I (1992) Les Ecritures Symboligues de PAlgébre Elémentaire
These Doctorale, Paris, Université Denis Diderot, Paris 7

Dubinsky, E. {1991) ‘Reflective abstraction in advanced mathematical
thinking’, in Tall, D. (ed ), Advanced Mathemarical Thinking Dordrecht,
Klawer Academic Publishers, pp 93-123.

Dubinsky, E. (1996) ‘Aplicacion de la perspectiva piagetiana a la educacion
matematica universitaria’, Educacion Matemdtica 8(3), 25-41

Ernest, P (1998) ‘A postmodern perspective on research in mathematics
education’, in Sierpinska, A. and Kilpatrick, J. {eds). Mathematics Edu-
cation as a Research Domain. a Search for Identity, Dordrecht, Kluwer
Academic Publishers, pp 71-85

54

Espinoza, £ {1998) Organizaciones Matemdticas y Diddcticas er Torno
al Objeto "limite de funcion”. del “Pensamiento del Profesor”™ a la
Gestidn de los Momentos del Estudio, Tesis doctoral no publicada,
Barcelona, Universitat Autdnoma de Barcelona

Freudenthal, H. (1983) Didactical Phenomenology of Mathematical Struc-
tures, Dordrechi, D Reidel .

Gascén, F. (1993) “Desarrollo del conocimiento matematico v andlisis
diddetico: del patrén de andlisis-sintesis a la génesis del lenguaje alge-
braico’, Recherches en Didactique des Mathématiques 13(3), 295-332

Gascon, I {1994} ‘Un nouvean modéle de 'algébre élémentaire comme
altemative 4 I"arithmétique généralisée” , Peit x 37, 43-63

Gascdn, J (1997} “Cambios en el contrato diddctico: el paso de estudiar
matematicas en secundaria a estudiar matematicas en la universidad’,
Suma 26{1), 11-21

Gascon, J. (1998) ‘Evolucidn de la didéctica de las matemadticas como disci-
plina cientifica’, Recherches en Didactique des Mathématiques 18(1),7-34

Gascon, T (1999a) "La naturaleza prealgebraica de la matematica escelar’
Educacidon Matemdrica 11(1), 77-88

Gascon, J. (1999b) ‘Fendmenos y problemas en didactica de las matemati-
cas’, in Ortega, X. (ed ), Actas del IIT Simposio de la SETEM Valladolid,
Spain, pp. 129-150

Gascon, T. (199%¢) ° “Didactique fondamentale™ versus “advanced mathe-
matical thinking™: ;Dos programas de investigacién inconmen-
surables?”, in Balleul, M. (ed.), Actes de la Xiéme Ecole d Eté de Didac-
tigue des Mathématiques, IUFM de Caen, ARDM, Tome I, pp. 152-170

(Gascon, I and Fonseca, C (2000) ‘Reconstruccion de las organizaciones
matematicas en las organizaciones diddcticas’, XIV Jornadas del STIDM,
Cangas do Morrazo, abril (Available at: http:/fwww ugr esflocal/
jgodinofsiidm htm)

Gray, E and Tall, D. (1994) ‘Duality, ambiguity and flexibility: e procep-
tual view of simpte arithmetic’, Journal for Research in Mathematics
Education 25(2), 116-140.

Harel, G and Kaput, J {1991) ‘The role of conceptual entities and their
symbols in building advanced mathematical concepts’, in Tall, D (ed.),
Advanced Mathematical Thinking Dordrecht, Kluwer Academic Pub-
lishers, pp. 82-94

Kaput, J. (1987) ‘PME-XI algebra papers: a representational framework’, in
Bergeron, I., Herscovics, N. and Kieran, C. (eds), Proceedings of the
Eleventh International Conference for the Psychology of Mathematics
Education, Montréal, QC, Université de Montréal, 1, pp. 345-354

Kilpatrick, I. {1992) ‘A history of research in mathematics education’, in
Grouws, D. (ed ), Handbook of Research on Mathematics Teaching and
Learning, New York, NY, Macmillan, pp 3-38.

Kuhn, T' (1962/1970, 2nd edn) The Structure of Scientific Revolutions
Chicago, IL, University of Chicago Press

Laborde, C. (1990) ‘Language and mathematics’, in Nesher, P and Kil-
patrick, I (eds), Mathematics and Cognition: a Research Synthesis by
the International Group for the Psychology of Mathematics Education,
Cambridge, Cambridge University Press, pp 53-69

Lakatos, I. (1971} “History of science and its rational reconstructions’, in
Buck, R and Cohen, R. (eds), Proceedings of the 1970 Meeting of the
Philosophy of Science Association, Boston Studies in the Philosophy of
Science. Dordrecht, D. Reidel, 8, pp 91-135.

Lakatos, L (1978) The Methodology of Scientific Research Programmes
(Worrall, I and Curtie, G, eds), Philosophical Papers Volume I, Cam-
bridge, Cambridge University Press.

Novak, §. (1977) A Theory of Education, lthaca, NY, Comell University Press

Piaget, I (1972) The Principles of Genetic Epistemology (Mays, W,
trans ), London, Routledge and Kegan Paul.

Puig, L (1997) ‘Andlisis fenomenoldgico , in Rico, L. (ed.), La Educacion
Matemdtica en la Enseflanza Secundaria, Barcelona, ICE (UB)/Horsori,
pp. 61-94

Radford, 1. and Grenier, M. (1996) ‘Entre les choses, les symboles et les
idées: une séquence d’enseignement d’introduction a 1 algebre’, Revie
des Sciences de I'Education XXII(2), pp 253-276

Rojano, T. (1994) ‘I.a matematica escolar como lenguaje: nuevas perspecti-
vas de investigacion y ensefianza’, Ensefianza de las Ciencias 12(1), 45-56.

Schwarzenberger, R. and Talk, D (1978) ‘Conflicts in the learning of real
numbers and limits’, Mathematics Teaching 82, 44-49

Sfard, A (1989) *Transition from operational to structural conception: the
notion of function revisited’, in Vergnaud, G , Rogalski, J and Artigue, M
(eds), Proceedings of the Thirteenth International Conference of the
Psychology of Mathematics Education Group, Paris, 3, pp. 151-158



Sfard, A (1991) ‘On the dual nature of mathematical conceptions: reflec-
tions on processes and objects as different sides of the same coin’,
Educational Studies in Mathematics 22(1), 1-36

Sfard, A and Linchevski, L (1994) “The gains and the pitfalls of reifica-
tion: the case of algebra’, Educational Studies in Mathemarics 26(2-3),
191-228

Sierpinska, A. and Kilpatrick, J {eds) (1998} Mathemarics Education as a
Research Domain. a Search for Identity, Dordrecht, Kluwer Academic
Publishers.

Tall, D. (ed } (1991a) Advanced Mathematical Tlunking Dordrecht, Kluwer
Academic Publishers

Tall, . (1991b) “The psychology of advanced mathematical thinking’, in
Tall, D. (ed ), Advanced Mathematical Thinking Dordrecht, Kluwer
Academic Publishers, pp. 3-21.

Tall, D. (1994) “Understanding the processes of advanced mathematical
thinking®, Lecture presented at the International Congress of Mathe-
maticians, Zurich

Tall, D (1996} ‘Functions and calculus , in Bishop, A. et al (eds), Inter-
national Handbook of Mathematics Education Dordrecht, Kluwer
Academic Publishers, pp 289-325

Tall, D and Vinner, § (1981) Concept image and concept definition in
mathematics with particular reference to limits and continuity’ Educa-
tional Studies in Mathematics 12(2), 151-169.

Trigueros, M (1999} Un Modelo de Medida con Interaccion Tesis doctoral
no publicada, Madrid, Facultad de Educacidn, Universidad Complutense
de Madrid

Vergnaud, G {1991) La théorie des champs conceptuels , Recherches en
Didactique des Mathématiques 10(2-3), 133-169

Vinner, S (1983) "Concept definition, concept image and the notion of
function’, International Journal of Mathematical Education in Science
and Technology 14(3), 239-305.

Vinner, 8. (1991) "The role of definitions in the teaching and learning
of mathematics , in Tall, D. (ed.), Advanced Mathematical Thinking.
Dordrecht, Kluwer Academic Publishers, pp 63-81.

Vinner, S. (1997) “The pseudo-conceptual and the pseudo-analytical
thought processes in mathematics learning FEducational Studies in
Mathematics 34(2), 97-129

55



