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Consider the following excerpt of an undergraduate student,
Nathan (a pseudonym), working to develop the concept of
factor ring in abstract algebra by drawing on his knowledge
of factor groups:

A factor group is this group where you get two different
groups. It’s a set of these members [points to cosets]
where they undergo this operation. That’s the condition
for them. So, I think for the new idea [pause]. I don’t
know what we call it. [ haven’t given it a name yet, so
I’m going to give it a name. Maybe we’ll just call them
factor rings. I was thinking just to copy [factor groups],
but it’s missing an operation. And last time I did that, I
did need both operations because otherwise, what’s the
difference? So, maybe this factor ring is going to be the
set of all the [cosets] under both operations.

There are several ways in which two mathematical entities
can be construed as similar or different. Analogical reason-
ing is one such powerful way of comparing two domains
that is focused on underlying relational similarities (Pimm,
1981). In the excerpt above, Nathan is reasoning by analogy
and has begun to identify a potential similarity between
group theory and ring theory. Specifically, he is identifying
a ring-theoretic concept analogous to factor groups.
Throughout this article, I refer to the mental act of compar-
ing across two domains in search of underlying relational
similarity as analogical reasoning, while an analogy is the
newly formed concept (or property of a concept) that results
from analogical reasoning. Figure 1 displays a visual depic-
tion of the analogy developed by Nathan, where the source
domain refers to the domain that was previously known to
Nathan, and the target refers to the domain to be explored.
However, Nathan isn’t simply reasoning by analogy in this
example, he is also inventing an entirely new (to him) con-
cept that he has independently named factor rings. How did
Nathan come to this point in constructing the concept of fac-
tor ring? What exactly is Nathan doing, and what were his
goals in establishing the concept? I argue that Nathan has
developed productive ways of thinking (Harel, 2008) associ-
ated with the mental act of analogical reasoning and that
these ways of thinking pave the way for productive uses of
analogies in pedagogical contexts. Those analogies that are
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Figure 1. A depiction of Nathan's analogical reasoning.

leveraged for pedagogical purposes are sometimes called
pedagogical analogies.

Existing arguments about pedagogical
analogies

History was made when Descartes established a formal con-
nection between concepts in algebra and geometry. One
underlying role in Descartes’ development of this connec-
tion was reasoning by analogy, specifically the act of
recognizing and constructing parallels between the domains
of algebra and geometry. Discussed in Descartes’ 1637 trea-
tise, ‘La Géométrie’, this revelation changed the way that
mathematicians viewed both of algebra and geometry and
ushered in a new paradigm for discovering relatively simple
solutions to previously difficult and seemingly impossible
problems in mathematics. Thus, the recognition of deep
analogies between algebra and geometry proved to be useful
for establishing new mathematical information. Observing
Descartes’ success with generating analogies calls for the
question: How might students learn to productively leverage
analogies or even generate their own analogies to establish
new mathematics?

At first glance, analogies would appear to be a well-
revered as a tool for teaching. A strong supporter of analogies
in mathematics, Pélya (1954) asserted that analogies play a
vital role in developing new and creative solutions.This claim
echoes the work of Descartes and modern mathematicians
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who sometimes leverage analogical reasoning as a tool
for defining new concepts. Beyond advantages to reasoning
by analogy for individual solutions to specific problems,
analogies have also been used to help structure curriculum.
For instance, textbook authors may explicitly present
topics in ring theory as analogous to those in group theory
(e.g., Gallian, 2013). Sometimes when these analogies are
made in textbooks, it appears to be with the intent of convey-
ing information quickly and to avoid spending too much text
on concepts that the author believes has already been fully
covered in the previous analogous case. Other times, such
analogies are explicated with the hopes of scaffolding a stu-
dent’s understanding when presenting a new topic and
helping to improve the conceptual understanding of the topic.

However, researchers have cast doubt on whether analo-
gies can support students to develop brand new (to them)
concepts. Cobb, Yackel and Wood (1992) argued that
attempting to engender a mapping between two domains in
students’ reasoning may be inadequate for designing effec-
tive lessons. The essence of their argument is that teachers
have the advantage of already possessing a deep understand-
ing of the possible connections between different types of
content prior to developing the analogy as a tool for teaching.
For instance, a teacher may see obvious connections for
themselves between abstract linear algebra concepts and the
familiar geometric phenomena that are commonly leveraged
when teaching linear algebra. However, students may not be
able to clearly articulate the exact analogy that a teacher had
in mind and thus might fail to leverage the analogy properly.
Naturally, students cannot be expected to immediately grasp
deep relational similarities between two domains when
exploring new content just because there was a conscious
design choice made by the teacher when presenting the anal-
ogy. Building on this argument, Greer and Harel (1998)
argued that analogies are best used for reinforcing pre-exist-
ing conceptions rather than constructing new ones. This
amounts to a critique on the ordering of pedagogical analo-
gies in lectures or in textbooks; rather than try to introduce
new concepts by analogy with old ones, they argue that
analogies should only be provided after students have had
time to make sense of the new concept as a standalone entity.

These positions suggest a divide between the use of analo-
gies for the purpose of personal mathematical exploration
and research, and analogies for the purpose of teaching and
learning of mathematics. On the one hand, analogy is viewed
as a useful and productive tool for discovering, and even cre-
ating, new mathematics. On the other hand, analogy is
thought to be inadequate for establishing new mathematics
content and only useful for reinforcement.

In this article, I seek to bridge this divide by proposing that
analogies and analogical reasoning can be implemented pro-
ductively by students for the purpose of constructing new
knowledge, thereby expanding upon previous interpretations
of the meaning of a pedagogical analogy. I contend that the
mental act of analogical reasoning can lead to the development
of productive ways of thinking, and these ways of thinking can
be fostered to assist with students’ mathematical discovery. I
illustrate my argument with examples from one undergraduate
student, Nathan, as he explored topics in ring theory by con-
structing analogies to what he knew from group theory.

Examining Nathan’s analogical reasoning in
abstract algebra
Often considered to be a difficult course for undergraduates,
abstract algebra is commonly required for mathematics
majors and pre-service teachers. It is also a subject in which
several natural analogies can be found. To name a few,
groups are analogous to rings, subgroups are analogous to
subrings, and normal subgroups are analogous to ideals. In
the teaching of abstract algebra, these analogies are often
presented as somewhat obvious due to the strong surface
similarities between them. As such, the concepts found in
group theory and ring theory might appear to lack depth for
the purposes of analogical reasoning. However, the connec-
tions between group theory and ring theory are not
necessarily so trivial from a student’s perspective, and I
claim that the development of ring-theoretic analogies pro-
vides a productive introduction to analogical reasoning in
advanced mathematics. Thus, abstract algebra is a suitable
setting for exhibiting how even relatively simple analogies
can lead to complex and productive reasoning by analogy.
The examples in this article were observed as part of a larger
study on how undergraduate students might reason by analogy
in abstract algebra. Nathan’s work was chosen because he dis-
played an increasing awareness of his personal analogical
reasoning over the course of several semi-structured inter-
views. My main objective in presenting these examples is to
illustrate an earlier claim: students can effectively develop new
mathematics through analogy. More substantially, these exam-
ples illustrate the mental act of analogical reasoning and the
development of productive ways of thinking after repeatedly
reasoning by analogy. Before Nathan was able to reason about
a ring-theoretic analogue to factor groups, he first developed
some general strategies for analyzing a new analogy in a sim-
pler context. Thus, we begin with an examination of Nathan’s
investigation of a ring-theoretic analogue to subgroups.

Nathan’s ring-theoretic analogy for subgroups

When beginning to explore an analogy for subgroups in ring
theory, Nathan stated, “I’m just making it up? Like a sub-
ring? I guess we’ll call it that”. By naming the new structure
under consideration a ‘subring’, Nathan had initiated the
construction of an analogy. His decision to name the new
structure a ‘subring’ indicates the first sign of a connection
to the concept of subgroups in group theory. In particular,
Nathan has conformed to the naming convention established
by his knowledge of subgroups and foreshadows what
Nathan believes will characterize a concept in ring theory
analogous to that of subgroups.

Although the naming convention may not appear to be
very complex on the surface, the establishment of the new
structure as being a ‘subring’ is a marker for Nathan’s entry
point into his reasoning about what a structure in ring theory
analogous to subgroups should be. A common term for the
initial step in the process of reasoning by analogy is analog-
ical access [1] (e.g., Hummel & Holyoak, 1997). In Nathan’s
case, he was skeptical about what it was he was trying to
accomplish (“I’'m just making this up?”’). However, by using
the name of the structure as a point of access, Nathan was
able to begin generating a definition for his new structure.
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After establishing access to the analogy, Nathan provided
a description of the newly conceived concept and began to
explore its possibilities. In the following example, Nathan is
summarizing his process for generating properties of the
structure he had created:

I just compared it to subgroup. We know that subgroup
has a closure under its binary operation and it contains
the inverse. So, I said maybe it has closure under just
one of the binary operations and then maybe the
inverse for the other operation. Then I said, well, since
ring had more properties than the group, then maybe a
subring has more properties than the subgroup. Then I
just added an identity, under one of the operations.
Because it’s a subring, maybe it doesn’t exhibit all the
properties, just like subgroup doesn’t. So, I said maybe
it just has one of them.

Thus, Nathan’s goal for developing the structure of sub-
ring was to make a direct comparison to the structure of
subgroup and decide what aspects of the two would remain
the same. Nathan’s focus in this excerpt was to generate
properties that could then be used to define a subring. In
particular, Nathan heavily emphasizes the properties of sub-
groups that he was aware of and mapped them over to the
context of subring with the assumption that it would possess
similar properties. The initial written process of Nathan’s
reasoning between the structures of subgroups and sub-
rings, in which he considered the properties needed for each
structure, can be seen in Figure 2.

You may notice that Nathan incorrectly suggested that a
subring would have require closure only for addition, and
inverses only for multiplication. Furthermore, Nathan was
initially considering the need for subrings to require a mul-
tiplicative inverse for all elements despite the fact that
multiplicative inverses are not guaranteed in rings. If
Nathan’s explorations ended here, it would appear that his
reasoning by analogy was unproductive overall. He did not
seem interested in establishing in-depth criteria for his
newly developed concept of subring. Instead, he merely
assumed that certain properties of the subring concept
would remain consistent with what he knew about sub-
groups. One could argue that Nathan was not reasoning by
analogy given that deep relational similarities were never
explicated.

However, Nathan’s activity is not at all uncommon with
respect to analogical reasoning. Ouvrier-Buffet (2015)
investigated the ways in which mathematicians define
mathematical objects and developed a model of mathemati-

Subgronp

‘\Su.br‘w\%” A S>
o Closuce e Y : @
e wior K i S

'LeS e ‘X’o
= S*

. closunre Unter A
A TEH Y
HHLG O

Figure 2. Nathan's reasoning between subgroups and “sub-
rings”.
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cians’ process for generating definitions. In doing so, she
found that analogies play a role at various stages of the
defining model: during initial exploration when generating
a definition, and throughout defining. No matter the stage at
which analogies are being used, the purpose remains con-
sistent: new concepts and theories pertaining to the novel
definition are generated through comparison to existing
concepts and theories. The initial exploratory analogical
process often exhibited by mathematicians, and by Nathan,
is known as carry over (Gentner, 1983). Carry over
involves mapping aspects of the source domain over to the
target domain without necessarily providing justification
for why the aspect should agree in the target other than to
assume that it must maintain consistency with the source. In
particular, Nathan does not appear to give much attention to
his process of mapping aside from believing that certain
properties known about subgroups must also be require-
ments for the new structure of subring. The key difference
between Nathan’s initial reasoning by analogy and that
exhibited by mathematicians is that Nathan lacked a certain
willingness to scrutinize his findings after carrying proper-
ties over. With further explorations, however, Nathan would
begin to reason by analogy more productively.

The evolution of Nathan’s productive analogical
reasoning

Despite Nathan’s reliance on exploratory carry over,
Nathan’s reasoning set the stage for a much deeper analogi-
cal inquiry. By establishing his initial structure of subring, a
path forward was created for discussing a concrete concept
between Nathan and myself for making sense of what else a
subring could entail, or perhaps what might be different than
the original concept of subgroup. In the case of the ring-
theoretic analogue to subgroups, the initial unnecessary
properties carried over for the definition of subring were
eventually resolved through refinements and further exami-
nation of the newly created structure.

During Nathan’s original investigation of a ring-theo-
retic analogue to subgroups, Nathan did not appear to have
a very clear personal goal in mind. However, as Nathan
became more aware of his process of analogical reasoning,
he was able to begin reasoning with stronger and more
direct purpose with less reliance on purely carrying proper-
ties over. Nathan would recall the pitfalls with his first
attempt at reasoning by analogy and would adjust his rea-
soning accordingly during future explorations. Inspecting
Nathan’s reasoning in further topics in ring theory reveals
that he began purposefully leveraging analogical reason-
ing. In particular, his reasoning about ring-theoretic
analogies to homomorphisms and factor groups revealed
progressive differences in Nathan’s ways of thinking asso-
ciated with analogical reasoning. I attend to two such ways
of thinking:

1. A purpose-oriented perspective of analogical
reasoning.

2. A relation-oriented perspective of analogical
reasoning.



Nathan’s ring-theoretic analogy for homomorphisms

In the following excerpt, Nathan has recalled what he knows
about group homomorphisms and is now beginning to rea-
son about a concept he has named ‘ring homomorphism’:

So, now let’s talk about ring homomorphism. I feel like
it would be the same thing. There exists psi from one
ring to another ring such that psi is one-to-one and onto
[pause]. The same thing kind of goes here. I don’t
know, I hate saying it’s the same thing, because last
time subring was different because rings are different
from groups.

Previously, Nathan focused narrowly on carrying over
properties of subgroup to establish his new concept of sub-
ring. However, during the construction of the ring
homomorphism concept, Nathan briefly paused and recalled
his exploration of the ring-theoretic analogy to subgroups
and expressed concern with describing the newly invented
concept to be “the same thing” as a group homomorphism.
By recalling his earlier experience in which he found subring
to be different from subgroup, Nathan shifted his attention
away from simply carrying over aspects from the source into
the target. Thus, by maintaining a stronger awareness of sig-
nificant differences between the domains when constructing
an analogue to group homomorphisms than he had when con-
structing an analogy for subgroups, Nathan had begun to
more purposefully reason by analogy than he had in his pre-
vious attempt with subgroups and subrings. In other words,
Nathan was developing a purpose-oriented perspective to
guide his personal analogical reasoning.

Maintaining consistency with his recognition that merely
copying the structure directly from group theory was insuffi-
cient, Nathan identified what he noticed was an important
property of group homomorphism that could be appropriately
abstracted and translated to the context of ring homomor-
phisms: the homomorphism property. In particular, Nathan
would soon recognize that the homomorphism property
could be adapted to both the additive and multiplicative oper-
ations defined on a ring rather than just hold for a single
operation as for group homomorphisms. While the idea of
relational properties remained vague for Nathan during his
construction of ring homomorphisms, he began to focus his
reasoning on increasingly relational properties (such as the
homomorphism property) to ensure that what resulted was
more significant than just a comparison of surface level fea-
tures. This relation-oriented perspective would be further
solidified during his investigation of an analogy for factor
groups.

Nathan’s ring-theoretic analogy for factor groups

Returning to the example presented at the beginning of this
article, we can see that Nathan’s heightened awareness and
anticipations of differences were evident when considering a
ring-theoretic analogue to factor groups:

Factor rings. I was thinking just to copy [factor groups],
but it’s missing an operation. And last time I did that, I
did need both operations because otherwise, what’s the
difference? So maybe this factor ring is going to be the
set of all the [cosets] under both operations.

Here, Nathan briefly alluded to there being a purpose for
considering more than just similarities when formulating his
analogy when he pondered, “otherwise, what’s the differ-
ence?” While Nathan initially only considered the need for
one operation, his observation based on his previous analog-
ical reasoning resulted in a new hypothesis in which he
considers a factor ring as being a set of cosets with both of
the operations required to form a ring. Nathan actively
resisted carry over in favor of placing a greater scrutiny
upon his reasons for establishing the analogy. Thus, Nathan
once again exhibited an awareness of there being a greater
purpose to the formation of his analogy beyond simply for-
mulating the new concept to behave in the exact same way
as what he knew from group theory.

More substantially, Nathan also established an important
general concept related to his personal strategy for reasoning
by analogy: an attention to ‘conditions’. While continuing
with the analogy for factor groups, Nathan’s first instinct was
to further consider his strategies for reasoning by analogy
about subrings and ring homomorphisms:

O, it’s the fact that these [conditions] have to be true.
That’s what I was thinking. I was thinking there were
multiple phis, but it’s actually multiple conditions that
have to be true. So, here, I don’t know, it doesn’t feel
like we have conditions. I understand that this is a con-
dition. G over H is a set of cosets under this operation.
So, R over S, I'm guessing is going to be cosets. It’s
just confusing now. I want to just copy it, but what’s
the operation between here, and why is it only one
operation?

Providing further evidence of a greater focus on relational
properties while reasoning by analogy, Nathan had developed
a notion of ‘conditions’ to which he wanted to attend to. A
condition is the name provided by Nathan to represent spe-
cific properties of a given structure that could be abstracted
between the source and target structures. For homomor-
phisms, the homomorphism property was the condition for
Nathan. In the current example, Nathan recognized that con-
ditions could be discussed for the ring-theoretic analogy to
factor groups as well. Specifically, he identified the notion of
a factor ring as being a set of cosets wherein the cosets must
be appropriately defined. Nathan would eventually hypothe-
size that the factor ring concept would be defined with two
operations to form a ring that must also be well-defined,
whereas he initially was considering the need for only one
operation without checking if the operation was a function.

As was the case for the development of subrings, Nathan’s
use of analogy mimics the work done by mathematicians as
they develop new mathematics. For instance, Pélya (1954)
shared an example from Euler’s work on finding the sum of
reciprocals of squares:

1 1 1 1
1+—+—+—+—+...
4 9 16 25

The core of Euler’s analogy was to adapt methods verified
for the source domain of finite cases of algebraic equations
to a target domain of a case that was infinite. Euler took
advantage of the fact that an nth degree equation with n roots

13



could be decomposed into a product of linear factors and
proceeded to decomposed an ‘infinite degree’ equation with
‘infinite roots’ into a product of infinite linear factors. By
reasoning with purpose and attending to underlying relations
between the domains instead of merely carrying over, Euler
uncovered a new method for finding the value of certain infi-
nite sums. Similarly, Nathan had begun to understand that his
reasoning by analogy was more productive when he reasoned
purposefully and attended to relational properties about his
ring theoretic analogues to structures in group theory.

The pedagogical power of analogical reasoning
Having presented Nathan’s evolving ways of thinking asso-
ciated with analogical reasoning, I now return to the
discussion concerning the divide between viewing analogy
as a tool for creating and discovering new mathematics, and
viewing analogy as inadequate for constructing new content
and only useful for the reinforcement of pre-existing con-
cepts. I specifically attend to the arguments referenced
earlier: (a) attempting to engender a mapping between
domains for students is unproductive, and (b) analogies are
best used for reinforcing pre-existing concepts.

First, although Cobb, Yackel and Wood (1992) made an
argument against the pedagogical use of analogies that are
designed by the teacher beforehand, I argue that analogies are
pedagogically effective when students themselves are
allowed the opportunity to produce the analogies and, per-
haps more importantly, engage in analogical reasoning that is
meaningful to them in the moment. Thus, pre-designed
analogies established by the teacher need not necessarily be
unproductive so long as students are given repeated opportu-
nities to reason by analogy for themselves and establish
productive ways of thinking associated with analogical rea-
soning over time. In this way, the promotion of analogical
reasoning in students’ mathematical thinking can provide an
effective way of leveraging previous knowledge to both ini-
tiate and extend inquiry into new topics and concepts.

Second, I argue that the examples in this article of
Nathan’s analogical reasoning serve as proof of concept that
analogical reasoning need not be confined to the reinforce-
ment of already known mathematics. Instead, reasoning by
analogy can serve as a creative outlet for generating new con-
cepts. Indeed, Nathan successfully initiated the development
of several ring-theoretic analogues to each of subgroup,
group homomorphism, factor group, and normal subgroup,
and during the process, even appeared to exhibit a deeper
understanding of the group structures than he had previously.
Furthermore, despite the perceived ease of these analogies in
the context of traditional abstract algebra courses, the exam-
ples of Nathan developing these concepts shows that these
analogies required significant cognitive effort from the per-
spective of the student. Rather than view the analogies as
being trivial, I propose the analogies between group theory
and ring theory concepts as being an excellent introduction to
more complex forms of analogical reasoning at the advanced
mathematical level.

In summary, I claim that analogies may become pedagog-
ically powerful when students are given the opportunity to
develop productive ways of thinking associated with analog-
ical reasoning. As Nathan developed such ways of thinking,
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he spontaneously began to invoke his previous experiences
of analogical reasoning while progressing through his inves-
tigation of new concepts. The increasing awareness of his
reasoning by analogy suggests that the process of analogizing
is learnable and can be used to assist students to indepen-
dently reason by analogy.

Discussion

The observation of Nathan developing productive ways of
thinking related to analogical reasoning possesses implica-
tions about teaching and the pedagogical use of analogies.
Teachers can introduce students to purposeful reasoning by
analogy by allowing students the opportunity to establish
new concepts in mathematics through careful attention to
similarities and differences between new and old contexts.
By investigating Nathan’s activity while reasoning by anal-
ogy, I contend that it is indeed possible for students to
engage in productive reasoning by analogy when learning
about new mathematics. This article has shown that the men-
tal act of analogical reasoning can lead to productive ways
of thinking that students may develop while investigating
new concepts in abstract algebra. The purpose-oriented and
relation-oriented ways of thinking were two such examples
found within Nathan’s reasoning. In this article, I have
focused exclusively on analogical reasoning in the context
of advanced mathematics and on abstract algebra in particu-
lar. However, I argue that the pedagogical power of
analogies in mathematics education beyond undergraduate
mathematics should be explored as well to discover possibil-
ities for introducing students to productive forms of
analogical reasoning that can assist children with generating
new mathematical ideas in similar ways those illustrated by
Nathan.

It is also important to note here that the previously docu-
mented concerns surrounding pedagogical analogies are not
unfounded. Indeed, pedagogical issues may still arise if care-
ful consideration is not given to the need for analogical
reasoning and ensuring that students are indeed developing a
productive orientation toward analogical reasoning. Further
inquiry into the process of analogical reasoning, as well as
careful development of tasks that promote explicit analogical
reasoning, could help to explicate what student analogical
reasoning looks like across several content domains and
grade bands in mathematics. This includes being mindful of
the types of tasks that are given to promote analogical reason-
ing as well as discussions surrounding analogies that may not
be correct. For example, the primary analogizing task that
was provided to Nathan was of the form: Make a conjecture
for a structure in ring theory that is analogous to homomor-
phisms in group theory, wherein the word ‘homomorphism’
was replaced with the appropriate concept depending on the
task. Without prior motivation, this task would appear to be
void of any pragmatic or intellectual need. However, this task
can be enriched by first providing a motivation for the
student to prepare for the creation of the analogy, perhaps in
the form of asking students to explore the ways in which
functions between rings might naturally arise. By attending
to the development of such tasks and promoting productive
ways of thinking associated with analogical reasoning in
mathematics, we can better equip students with reasoning



skills that prepare them to autonomously generate rich con-
nections across a variety of content domains in advanced
mathematics.
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Note

[1] I briefly note here that naming conventions are not the only way to
access a new analogy. Instead, this was simply the method of access exhib-
ited by Nathan. More complex forms of access may evolve as individuals
become further acquainted with analogical reasoning.
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