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Mathematical language and its uses by learners and teach-
ers has attracted the interest of many mathematics educators
However, despite significant attention to specific termino-
logy used or misused in particular mathematical topics,
expressions pertaining to elementary number theory have
not been mentioned among the numerous examples
reported. Recent research on learning number theory
concepts (Zazkis and Campbell, 1996a, 1996b; Zazkis,
1998a) has provided an opporfunity to attend to the language
usad in these topics.

This article is a reflection on four years of teaching a
course ‘Principles of mathematics for teachers’ for
pre-service elementary school teachers. In what follows,
I identify and describe the discord between the formal
mathematical language and their informal Janguage used in
the context of elementary number theory. I share my wmsuc-
cessful attempts to address the problem Furthet, I describe
encouraging results of a ‘code-switching experiment’, that
was inspired by several articles in the February 1998
special issue 18(1) of For the Learning of Mathematics.

Code switching and pedagogical dilemmas

Code switching can be desciibed as alternation in use of
more than one language in a single speech act (Adler, 1998)
It may occur when a multilingual person is addressing
another multilingual person It may consist of a single word
or phrase or it may involve several sentences. Though code-

switching can be criticized as an inappropriate mixture of

languages, it has important social aspects,
Code-switching has received attention from investigating

communication in classrooms where the official language of

mathematical instruction, frequently English, is different
from the native language of the students and (pethaps) their
teacher. In these seitings, teachers were observed to switch
codes in order to translate or clarify instructions but also to
reformulate and model appropiiate mathematical language
use Students switched codes to seek clarification and to
express their ideas or arguments Code-switching was noted
as a valuable educational resource, and as means to foster
mathematical understanding of the students (Adler, 1998;
Setati, 1998),

Though code-switching is usually mentioned in a multilin-
gual context, it can also occur between dialects and registers.

Mathematics can be singled out, among other forms of

human Imagination and ingenuity, by the very specific
linguistic register in which its ideas are formulated
(Winslaw, 1998, p. 19)

Extending the idea of code-switching between languages to
code-switching between the mathematical and everyday
registers of English invited an exploration of code-switching
in a monolingual mathematics classroom.

Adler (1998) has elaborated several dilemmas of
mathematics teachers working in multitingual mathematics
classroomms:

* the dilemma of code-switching (of developing
spoken mathematical English vs ensuring mathe-
matical meaning);

* various dilemmas of modelling mathematical
English (of whether such modelling is ‘talking too
much’);

* the dilemmas of mediation (of validating pupil
meanings vs developing mathematical commu-
nicative competence, [ ]);

* the dilemma of ransparency (of the visibility vs
invisibility of language as a resource for learning)
(P 32)

The last dilemma needs clarification. Iransparency of
resources, according to Lave and Wenger (1991), involves
their dual visibility and invisibility. A tool must be visible
to be noticed and used and yet simultaneously be invisible in
order 1ot to become the sole object of attention Language,
as a communication tool in a mathematics classroom, must
be visible (so it is clearly identified) and simultaneously
invisible (so it can be utilized when discussing mathematical
meaning).

My dilemmas in English-only mathematics classrooms
wete very similar to those described by Adler T wished to
model appropriate mathematical usage of concepts without
‘talking too much’ (modelling) I wished students to be
encouraged to express their ideas but also to develop appro-
priate communication skills for those ideas in the
mathematical register (mediation). I searched for a balance
between emphasizing appropriate language per se and
utilizing mathematical language in mathematical activity or
problem situations (transparency).

The dilemma of code-switching - to switch or not to
switch? - is presented as a major challenge Having made
several unsuccessful atiempts at helping students to com-
municate mathematically (as described in a subsequent
section), I wished to explore the idea of code-switching,
appreciating that students’ language and the mathematical
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register presented quite different codes. In the context of
code-switching between registers, there is a widespread
value judgement at work: mathematical formal code is
preferable since students’ non-mathematical informal code
is frequently vague and inadequate for describing mathe-
matical relationships.

Nevertheless, the non-mathematical code, at least initially
for students, has a greater power to communicate their
intended meaning On the one hand, I wished to acknow-
ledge the explanatory power of non-mathematical code; on
the other, 1 was not prepared to switch to this code myself
as it contradicted my belief in proper modelling, As a
teacher, 1 could not allow myself imprecise reference
to mathematical situations. A possible resclution of this
code-switching dilesnma follows the elaborated summary
of the different codes used in describing elementary num-
ber theoty concepts and relationships.

Setting

For four years, T have taught the course ‘Principles of math-
ematics for teachers’, which is a core mathematics content
course in a teacher education program for certification at
the elementary level There were between sixty and eighty
students enrolled in each offering of the course, and approx-
imately twenty students from each cohort volunteered to
participate in a clinical interview,

The interview questionnaires were designed as a part of
an on-going research project investigating the learning of
number theory by pre-service elementary school teachers
The interview questions investigated participants’ learning
and understanding of concepts of elementary number theory,
such as divisibility, ptime decomposition, factors, divisots

and multiples. Students’ use of language was not a focus of

investigation when the questions were designed and the
interviews were conducted Analyzing these interviews
sttengthened my interest in mathematical language in
general and language related to introductory number theory
in particulat.

Formal mathematical vocabulary
The main mathematical focus of this article pertains to the
idea of divisibility. Divisibility is one of the fundamental
concepts in elementary number theory, one that can be
captured with a variety of lexical descriptions. In a formal
mathematical definition, we say that a natural number A is
divisible by a natural number B if and only if there exists a
natural number C such that A = B x C. This definition is
interpreted in some texts for elementary school students and
teachers in terms of division: if the result of division of A
by B is a natural number, then we say that A is divisible by B.
There are five equivalent statements to express the idea of
divisibility:

(1) A is divisible by B;

(2) B divides A;

(3) Bis afactor of A4,

(4) Bis a divisor of 4;

(5) A is amuliple of B.

I will refer to the use of these expressions as utilizing
formal or mathematical vocabulary. These terms and expres-
sions were familiar to students in the sense that they were
defined in the textbook and used in class work for approxi-
mately four weeks while attending to the topic on number
theory in the course. All the interviews took place upon
completion of the unit on elementary number theory.

Informal vocabulary
From the first set of interviews, it was evident that the
language used by the interviewers differed from the
language used by the interviewees. In the first cohoit of
students, only three out of a group of twenty-one used math-
ematical terminology consistently Other participants used
mathematical terminology and informal non-mathematical
descriptions interchangeably, with a preference for the latter
Below are several examples of forms of expression (itali-
cized by me - Int = interviewer) used by students:

Marty: Prime number A prime number is a num-
ber that car only be divided by one and
itself, there is no other factors that go into
that number

Jill: Because once again I know what M is, it’s
1,575, and 1 know that 1,500 can be
divided um by 15 evenly and I know that
75 also can be divided evenly by 15

Barb: I looked at that, but I couldn’t find a num-
bet that would easily be divided into 391,
and so I just assumed that it was prime,
and, and, I mean I could be wrong, I did-
n’t, I didn’t take 8 or something like that,
but I just checked for the first five num-
bers

Int: Well, what you could do is, you can tell
me how you would go about determining
the number of fuctors that 90 has.

Barb: Okay Well, um, ! goes info it, then 2 goes
info it, 3 goes into it, um, 4 doesn’t go into
it, 5 goes into, 6 goes into it, 7 doesn’t,
8 doesn’t, 9 does, 10 does

Int: Is M divisible by 77

Jack: By 7 you should be able ro divide it, quite
possibly have the potential of complete
divisibility

Int: I’'m going to ask you, is 391 divisible by 237

Tisa: Hmm, [pause] um, well, [pause] um well,

it is, but I'm not sure if it's divisible
evenly or not,
*Goes into’ was the most common informal wording used by
students to communicate divisibility. Variations included

expressions such as ‘goes into completely’, ‘goes into
easily’, ‘goes into evenly’, ‘can be put into’, ‘can fit into’,
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etc. Another popular expression used by students in the
discussion of divisibility was ‘can be divided’, as exempli-
fied above by the excepts from the interviews with Marty
and Till, Variations added to this expressions descriptors
such as ‘evenly’, ‘easily’ or ‘absolutely’.

Many student references to divisibility were accompanied
by overemphasizing, such as ‘complete divisibility’ or
‘divisible evenly’, as shown above in the excerpts from the
interviews with JTack and Lisa. Some students described
divisibility as being ‘divisible without decimals’ or ‘exactly
divisible without remainders’ In what follows, I will refer to
these expressions as utilizing informal vocabulary

Though some of these expressions, such as ‘divisible
without remainder’ can be seen as harmless redundancy,
others, such as “divisible evenly” are potentially mislead-
ing Several students inquired for example, whether the
number 14 could be considered as ‘evenly divisible” by 2,
because the division resulted in an odd numbes.

Modelling mathematical language

As a teacher, I had a strong desire to have my stodents use
appropriate mathematical terminology Listening to the class
discussions, T was aware of students’ difficulties in apply-
ing the vocabulary of the mathematical register and their
preference for informal language However, [ realized the
degree of seriousness of the problem only by reading
through the transcribed interviews, which happened after the
completion of the course

During the second offering of ‘Principles of mathematics
for teachers’, I decided to emphasize modelling correct
mathematical language. I praised every student who used a
formal expression Frequently, I asked them to rephrase
informal expressions Iincluded exercises in which students
were asked to apply formal terminology or rephiase state-
ments using either better or simply different mathematical
terms. The results were disappointing The same ‘goes into’
persisted in students” taik

Before the third offering of the course, I conjectured that
students were unable to adopt mathematical terminology,
because too many equivalent expressions were presented to
them simultanecusly. Among the five equivalent expressions
listed above, I decided to avoid (2) and (4). Expression (2)
appears too close to the familiar ‘A divided by B’. This
could have been one of the reasons for confusion and mis-
interpretation . I belicved that the intended meaning of words
that were less familiar would be better accommodated.
Expression (4) appeared problematic among the second
cohort because of the double meaning of the word ‘divisor’.
‘Divisor’ in the context on arithmetic operations is inter-
preted as a number we divide by: *divisor’, in the context
of elementary number theory, describes a relation between
numbers {(Zazkis, 1998b).

It was my hope that using three expressions instead of five
would help students accommodate to the terminology
Unfortunately, this was not the case By analyzing their
interviews, it became apparent that the use of language
among the students in the third cohort was not different
from the language of students in the first and second cohort.
Obviously, intensive modelling by the instructor on its
own was not beneficial in helping students to acquire
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communication skills within the mathematical register. The
idea of code-switching described in the February 1998 issue
of For the Learning of Mathematics inspired the experiment
described below.

A ‘code-switching’ experiment
This experiment emerged spontaneously in an early class-
room discussion I was reluctant to repeat students’ informal
language: however, addressing it without repeating it created
ambiguity of reference My attempted solution was to put
the woids in someone else’s mouth. 1 told my students a
fictional story about a student named Simon, who was
talented mathematically, but was unable 1o learn mathemat-
ical language Simon expressed his ideas in his own
everyday words. During the course, students’ were invited to
formulate Simon’s ideas using mathematical vocabulary At
times, they wete also asked to interpret mathematical state-
ments using ‘Simon’s words’.

Below is an example of a typical classroom conversation.

Teacher: Yesterday we mentioned an important
property of triangles Can someone recall
what it was?

Student 1:  In a triangle there are 180 degrees,

Teacher: Can you be more precise?

Student 1:  The angles, the angles of a triangle make
180 degrees.

Teacher: OK  Good idea. Simon says: “The angles
of a triangle make 180 degrees” How do
they make it? Is there a better way 1o say
this in our mathematics class?

Student 2:  Adding up the angles of a triangle gives
180 degrees

Teacher: This is indeed the idea. Can someone
suggest another way to express it?

Student 3: The sum of the angles of a triangle
equals 180,

Teacher: Good. Can we be more precise?

Student 1:  The sum of the measures of the interior

angles in any triangle equals 180 degrees.

Simon became a part of our classroom. Students sponta-
neously referred to Simon’s code while correcting each other
and clarifying the intended meaning. Furthermore, there
were ‘Simon questions’ practiced on classroom assignments.
For instance, a typical daily assignment was:

Write Simon’s ideas using appropriate mathematical
terminology in two different ways

Simon says:

(a) 3 goes into 6, therefore 3 goes into 42 because
6 goes into 42



(b) 16 is the smallest number that has the following
property: A divided by 16 results in a whole num-
ber and B divided by 16 results in a whole number

(c) 11 and 49 have nothing in common.

In addition to single statements, students were given length-
ier explanations att-ibuted to Simon, usually detived from
the interviews with previous cohorts, and asked to rephrase
them using the mathematical register. Students were
successful with such exercises, indicating that they were
able to apply appropriate vocabulary when explicitly invited
to do so.

Some students reported that a translation from Simon’s
language to mathematical language was easiet for them
compared with the tianslation in the opposite direction. Not-
ing students’ successful application of a visible language, the
question remained whether mathematical vocabulary would
be applied by students spontaneously in a problem-solving
situation, when language is invisible, when it is to be used a
tool rather than being explicitly in focus

The resuits were encouraging. Among nineteen volunteers
interviewed from the fourth cohort, eleven consistently
applied appropriate vocabulary. The remaining eight used
both appropriate and inappropriate expressions Howevet,
inappropriate expressions were used in most cases in con-
junction with appropriate terminology. The following
excerpts exemplify such uses

Nick: A number is prime when it can only be
divided by 1 and itself, that is, it has no
other factors other than one and itself

Int: How could you find numbers so that 117
is their multiple?

Mark: I would just start plugging in numbers,
like I"d, I"d say, 3 would probably be the
first thing that I'd do, and I'd go, in my
calculator, I"d go 117 divided by 3, and

then that would give me an answet, if

it goes into it evenly, as Simon says,
[smiles] then I know it is a multiple of it,
and then I would try 6 or I would try 9,
multiples of 3 is what 1 would try.

Int: Can you find a prime number between
120 and 1507

Karen: I have to try. Do you want me to do this?

Int: Yes, please. You may start by describing
how you would try.

Karen: Obviously, it’s not 120 or 150 and not

130 or 140. [ wouldn’t try 121 because
this is 11 squared I wouldn’t try 122,
wouldn’t try even numbers, as they're
divisible by 2, so 1 wouldn’t try 123
because it has a factor of 3 because 1+2+3
gives me 6, so this one isn’t prime for sure

and I will cross out all the numbers divis-
ible by 3. S0 124, no, 125, no, and will
cross out all those that end with 5 So 127,
will 7 go into it? T don’t know. But this
would be something to try. [Pause] No, 7
is not a factor of 127, and no 11 isnot . .

Nick, in the above excerpt, started with informal desciip-
tion, but then he code-switched to the mathematical register.
Mark used informal vocabulary to explain how he under-
stood the meaning of a mathematical word, ‘multiple’ Karen
appeared to use formal mathematical terminology when she
was confident in her claims; however, she switched back to
informal vocabulary when she was uncertain of the answer. 1t
appears that for students who have not fully interiorized
mathematical vocabulary and occasionally code-switch to
informal vocabulary, these ‘switches” or ‘slips’ are most
likely to occur at the moments of uncertainty

Convincing a colleague

Some colleagues of mine have suggested that as long as
students understand the concepts, the way they talk about
these concepts is of secondary importance: some readers
may have a similar response I would like to offer three
commments with respect to this assertion

One, I believe that learning mathematical language is a
part of mathematical education, and students’ familiarity
with and ability to utilize mathematical language is no less
important than their ability to apply certain algorithms,
formulae o1 problem-solving strategies This is consistent
with Lave and Wenger (1991), who argue that learning in a
community of practice involves learning the language of this
community.

In particular, learning mathematics includes “appropriating
ways of speaking mathematically” (Adler, 1998, p. 30), that
is, learning the language of mathematicians. Mathematical
language is characterized by lack of redundancy, mathemat-
ical nomenclature is minimal whetre every word has a
meaning . In mathematics, we talk about “whole’ not ‘entirely
whole’ numbers; ‘proper’ not ‘absolutely proper’ fractions.
Furthermore, whenever an adjective ot adverb accompanies
a mathematical term, specific meaning is attached to it:
consider, for example, proper subsets, absolutely converg-
ing series or a uniformly continuous tunction. The words
describing subsets, convergence or continuity communicate
mathematical properties, they modify the meaning There-
fore, in an effort to speak mathematically, a learner’s
attention should be directed to the conventions of the com-
munity of practice and the reasons for them.,

Two, it may indeed be possible for a child to understand
the idea of divisibility without the ability to express this idea
in an appropriately mathematical fashion. However, my
students were pre-service elementary school teachers, not
elementary school students I believe that at this level it is
fitting to require and expect appropiiate communication
skills about mathematical ideas, especially given that these
participants are about to teach mathematics, among other
subjects, to elementary school students.

Of course, code-switching to informal language could be
advantageous at times for the sake of communication with

41



learners. Howevet, use of informal code by a teacher should
be a pedagogical choice, rather than a symptom of a fack of
proficiency with the mathematical code itself,

Three, informal forms of language, at least in my experi-
ence, go hand in hand with incomplete understanding of the
concepts involved Though there might be exceptions to this
rule, ‘good language’ is usually an indication of good under-
standing That is to say that while mathematical ideas and
understanding can be expressed informally, I have not found
indications of inadequate understanding expressed in a
correct formal mathematical language

Language plays a critical role in concept development
(Esty and Teppo, 1994) and may in fact assist the develop-
ment of concepts. According to Vygotsky (1962), low-order
concepts can be formed without the aid of language, while
the emergence of higher-order concepts would seem to be
inextricably linked with language Austin and Howson
(1979) cite Vygotsky [1]:

The concept does not attain to individual and indepen-
dent life until it has found a distinctive linguistic
embodiment. (p. 167)

Mason (1982) offers three stages of convincing: convince
yourself, convince your friend and convince your enemy. 1
am sufficiently convinced by the first argument. I believe that
my friends would be convinced by the subsequent two How-
ever, further research on the interrelationship of students’
undetstanding and the language they choose to describe their
mathematical ideas may be needed to convince the opposition.

Students’ reactions

Students’ reactions to the experiment varied Althoughina
credit course students ‘played by the rules’, some did so
reluctantly. The following outburst was not uncommon:
“You like me to say 100 is divisible by 25 or 25 is a factor
of it. OK, I can say it But what it really means is that 25
goes into this member evenly. That’s how we understand it.”

Some students initially resisted the focus on mathematical
terminology. In reaction to my comment that ‘goes into
evenly’ is not an appropriate mathematical expression, I got
the following response: “That’s what I've said all my life
and that’s what I was taught, and that’s what I heard all my
life. Are you sure? Because that’s how we say it here ”

The emphasis on ‘here’ was most likely a student
reaction to my obviously foreign accent. This comment
shows a vicious circle of obscure language usage: we
learned it from our teachers and will teach it to our students,
who will do the same when become teachers. Can this
circle be broken? Should it be?

I believe that for the majority of students initial resistance
weakened and for some even turned to appreciation. For
example, Judy claimed early in the course: “I'm not big on
names, I, I like to know concepis. But the name is just kind
of an extra something for me to remember  It’s not, I don’t
consider it very important.”

Towards the end of the cowrse she seemed to change het
perspective: “Simon has made me see that I have to be much
more careful when, like if I teach math, how I teach it and
vocabulary I use, and exactly what’s going on, that I might
not realize what’s going on.”
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Reflecting on pedagogical dilemmas

Giving prospective teachers opportunities to discuss diffi-
culties of their prospective students with subject matter is a
powetful teaching strategy, because it creates an opportunity
to address personal difficulties without explicitly acknow-
ledging them. This belief is shared by many colleagucs
warking in teacher education. Simon’s existence assists
along the same lines Attributing certain expressions to
imaginary Simon gives a chance to address students’ non-
mathematical, at times imprecise or confused language
without focusing on any particular student.

A reference to Simon helped me implement code-switch-
ing, while code-switching assisted in addiessing, though
not reconciling, certain dilemmas of mediation and trans-
parency Code-switching was used as a continuing
translation from students’ (Simon’s) informal language to
the mathematical register As such, it helped students elabo-
rate on the meaning of the concepts in the mathematical
register It also assisted with the dilemma of modelling,
because the responsibility for accurate and explicit model-
ling of mathematical language was shared between
the instructor and the students Therefore, not only were my
pedagogical dilemmas similar to those faced by teachers
working in multilingual classtooms, but also the conse-
quences of code-switching,

Adler (1998) reported that an explicit focus on mathe-
matical language per se (making it visible) may obscute
rather than support mathematical practice. In the ‘code-
switching’ experiment in my classroom, the obstacle
presented by making language visible was temporary. In
additien to introducing and modelling formal terminology
within the mathematical register, which is an essential
practice in any mathematics classroom, code-switching
assisted in bridging the gap between the terminology of the
mathematical register and the popular informal termino-
logy students were accustomed to. I believe that with pre-
service elementary school teachers a possible way to achieve
effective invisible language is first to make it visible.

Conclusion

According to Winslew (1998), it takes time, will and energy
to gain access to the mathematics register. How is it possible
to assist students in learning to communicate within the
mathematical register? Winslew believes that, similar to
learning the first foreign language, comumunicating mathe-
matically would become more natural if trained at an eatly
age. However, having missed the opportunity to start
training at a early age, is it possible to assist pre-service
elementary school teachers in learning to communicate
within the mathematical register?

There is no doubt that the best way to learn a foreign
language is immersion. However, the conditions for immer-
sion are not always available and there are thousands of
students who attempt to learn a foreign language by constant
translation via their native language. For those leatners,
translation back and forth between a foreign and theit native
language is a necessary exetcise before one can communi-
cate and eventually come to ‘think’ in a foreign language

Translation from a natural language to the language of
mathematics is offen considered as 2 conversion from word



problems to equations or from more complex, ‘real-world’
situations to mathematical models I took a different
perspective on such translation, ¢onsidering it as moving
back and forth between the mathematical register and regis-
ter of everyday English, that is, code-switching

Troubles that learners expetience with the language of
mathematics, can be explained at least partly by the lack
of insight of texthook authors and teachers into the com-
plexity of the matter As those who are responsible for
the instiuction of this matter are not conscious enough
of these details, they lack the insight into the possible
sources of mistakes. (Freudenthal, 1983, p 472)

English teachers do not let their students get away with
wrong graminat, Wiong senfence structure or wrong syntax,
even when great creative ideas are in place I believe that
mathematics teachers, while appreciating good ways of
thinking and correct answers, should also enssure that these
thinking strategies are properly expressed. It is important
that incotrect versions are not allowed to become a habit
{Oldfield, 1996, p 22).

For mathematics educators, teachers of teachers, the task
is different This task is not only to introduce and enforce
mathematical language, but also to supersede the robust,
informal language that has been interiorized in school.
Researchers reported that teachers were:

having more success in teaching unfamiliar content
than in reteaching (or replacing) familiar content
{Markovits and Sowder, 1994, p 24)

Similarly, replacing previously acquired vocabulary could
be more challenging than introducing a new vocabulary for
new concepts: challenging, but not impossible

Freudenthal (1983) suggested that learning the linguistic
element of structuring devices in mathematical language
“requires a more conscious didactics” (p 473). Conscious
and deliberate code-switching is one didactical idea that may
assist pre-service teachers in acquiring the langnage of
mathematics

Note

1] No page reforence is given for this citation in Austin and Howson
Despite it being consistent with much of what is there, [ have been unable
to locate this purported citation in Thought and Language.
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