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In this paper we will focus on a particular aspect of the
relationship of mathematics and language: students’® writ-
ing in mathematics.

Students’ writing is generally nsed in school for the sole
purpose of evaluation That is, students write FOR the
teacher to show what they have learned and so that what
they produce will receive a grade. From our personal expe-
tience, as learners as well as teachers, we believe that writ-
ing could also be considered as a learning tool—and a
powerful one, in fact

Once we recognize the educational potential in wiiting,
we must also realize that little of it has been exploited with
regard 10 mathematics learning up to now. Students” writ-
ing in mathematics has been traditionally limited to pro-
duce answers to given problems, exercises, or test
questions. Are these the only forms in which writing could
take place in mathematics? We believe that several other
combinations of mathematics-ielated content and writing
formats are indeed available and could provide valuable
learning experiences for our students

For example, with regard to the content addressed, we
might consider:

1) the “solution™ of a problem, exercise, theorem;

2) a mathematical concept or topic;

3) ‘“metamathematical” issues (for cxample:; what is a
proof or a definition, different points of view about the
foundations of mathematics, conceptions of the
nature of mathematics, and so on);

4y feelings and attitudes towards mathematics;

3) thought processes and strategies employed in the learn-
ing of mathematics.

With regard to the format employed, we could consider at
least:

1) schematic reports (as it might be the standard text-
book exposition of a proof, or the answer to a
problem};

i) “stories™;

i) essays;

iv) diaries and anecdotes;

v) dialogues.

In the rest of the paper we will describe a few possible
combinations of these contents and formats and we will try
to analyze what specific contribution each can provide to
the students’ learning of mathematics. Whenever possible,
we will refer to experiences we have had with students using

that specific form of writing. Most of these experiences
involved students in regular mathematics classes, at high
school and remedial college tevel Inafew cases we will also
report writing experiences from mathematics education
courses offered to prospective and/or in-service mathemat-
ics teachers We believe, however, that similar experiences
could be introduced into more content-oriented mathemat-
ics courses and at different levels of education.

Creating stories
The idea of asking students to create a story about some
mathematical situations is not new For example, Frede-
rique Papy has often invited children to develop a story
that could describe the relationship represented in a given
graph And the idea proved to be successful with respect to
both mathematics and language learning

A first alternative to students’ simply writing the solu-
tion to given problems could be to ask them to create
themselves the text of a word problem . The first author has
conducted successful experiments in this sense with both
high school and remedial college students [1] The students
were given simple tasks as, for example:

Wiite some sentences that include a question, such
that the answer to the question should be 40x8.

OrI:

You have a rectangle that is 14 by 5 and a square that
is 5 by 5 Compose any word-problem or gquestion
that uses these two figures in a relationship to each
other

The products were then shared and discussed by the whole
class. Some inventions were very imaginative, others con-
tained errors and misinterpretations. Being exposed to a
wide variety of simitar problems, comparing and eventu-
ally revising them, was helpful for everybody Since the
student often chose situations from their own experience,
they could see better how mathematics could apply to their
own lives The activity also gave students more confidence
in reading and solving word-problems from the textbook.

Students could also be involved in the writing of “real”
stories, in more open-ended contexts For example, they
could be asked to write a real-life story involving a certain
number of mathematical questions. [2] Besides stimulating
students’ creativity, such activity could involve them in
simple forms of problem posing and mathematization Or
the story could focus not so much on technical mathemati-
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cal content, but rather on feelings, experiences and impres-
sions about mathematics, its nature and its learming,
Giving the opportunity to express such elements of the
writer’s experience with mathematics could also turn out to
be important, for example, in helping to overcome some
fears and blocks toward the learning of the subject.

Writing mathematical essays

Writing essays on mathematics-related content could pos-
sibly help students clarify and develop their conception of
mathematics as well as their understanding of specific top-
ics. Surprisingly, mathematical essays do not seem to have
a place in mathematics classes, in spite of the fact that it is
the form generally used by mathematicians to communi-
cate results among themselves.

The first author has recently conducted some experi-
ments with remedial college students involving the wiiting
of essays on mathematical topics. The topics included both
content that should have been familiar to the students—
the commutative property—and content that had not pre-
viously been learned and had to be gathered through a brief
bibliographic research—De Morgan’s Laws. [3]

In the first case, for example, the students were presented
with the following task:

The commutative law in mathematics is generally
given very little depth in a mathematics class But this
property can be more interesting, and better under-
stood, when extended to many operations in math,
and in other tields as well

Discuss the commutative law in mathematics by
considering what the word “commutative” means as
you look at various operations in mathematics—
addtion, subtraction, division, multiplication, expo-
nents, matrix operations, possible others. That is,
using examples of mathematical expressions contain-
ing a particular operation, does that operation
“commute”*?

The students were encouraged to look at mathematics
textbooks and dictionary definitions, to think of examples
and counterexamples in as many domains as possible
They were given a day or two to write a first draft. Follow-
ing some rather extensive feedback from the instructor,
and for some students, also from the writing instructor, the
students had two days to write a final draft.

Students’ attitudes to such an open-ended assignment
and the resulting essays varied considerably in content,
style and quality. There were those who kept insisting ““tell
me what you want me to write,” while others understood
better the spirit of the activity and were able to profit more
from it.

The fact that students were expected to develop their
first drafts made the writing of these essays a much more
powetful tool for learning than if they had produced only a
single draft for evaluation The task of writing a first draft
prior to the discussion with the instructor established the
direction the student was taking with the topic. By having
written something first, the students had an idea of what to
ask and what to discuss in the teacher-student conference.

In the case that a student had not written a first draft
{(negligence, “‘didn’t know what to do,” etc }, the interview
consisted mainly of giving suggestions for the student to
get started. And mostly what was written about later was a
recital of what the instructor had said, with very little of the
student’s own development. The second and final draft was
also an indicator of what the student did with the discus-
sion In the interview. Some students still could not put
together what took place in the discussion Others “‘blos-
somed” a little more, and produced papers that were quite
different from the original draft.

The activity of writing, consulting, and then rewriting
served as a means by which the students could think about
the commutative property or De Morgan’s Laws. This
format of studeni-teacher interaction, based on the stu-
dent’s ideas, presented to the students a conception of
learning different from that which would place the teacher
as someone who hands down knowledge.

Essays could also be used to have students think and talk
“about” mathematics. In order to have a real, deep under-
standing of a discipline, it is not encugh to know a list of
results and facts. It is also important to know and discuss
the methodology used to reach these results and the
assumptions embedded in the discipline. We think that
students could enrich their understanding of mathematics
if asked to write essays—and consequently to reflect—on
“meta-concepts” like definitions or proofs in mathematics.
An experience of this kind was introduced into a number
theory course addressed to graduate students in mathemat-
ics education [4] The students were asked to write a short
essay in answer to the question: “What characterizes a
mathematical defimtion?” Their products, later compared
and discussed in class, showed a wide variety of contrasting
opinions about characteristics and criteria for acceptable
mathematical definitions. The task consequently stimu-
lated a series of interesting activities concerning definitions -
in number theory and in other areas of mathematics

We believe in the opportunity of trying to initiate similar
experiences with younger students, in regular mathematics
classes

Expressing feelings and beliefs about mathematics
through diaries and anecdotes
We can also ask students to talk “about™ mathematics in a
different sense, and consequently using different formats.
All of us hold feelings and beliefs about mathematics; we
believe that these emotional reactions generally have a
strong influence on our approach to the discipline and can
even lead to misconceptions o1 hinder understanding and
learning. [5] Therefore in school we should also recognize
their importance and help students to become aware of
them. Besides individual interviews and class discussions,
the writing of diaries or anecdotes could also be success-
fully employed, and may present advantages especially
with shy or emotional people. These formats seem espe-
cially suitable for this purpose as we need a very “free”
format to let students talk of their experiences, opinions,
and feelings, with as little formal constraint as possible
Based on these assumptions, diaries have been used in an
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extensive way in a methods course for prospective mathe-
matics teachers for many years now. [6] An excerpt from
the outline of the course presented to the students last year
can best describe the format of such activity:

One of the activities during the semester will be to
maitain a regular journal Each week students will be
expected to write an entry, and to react to what
others write in their journals. Everybody (including
the instructors) will receive a copy of everybody else’s
entry.

This will provide an opportunity to reflect on what
happens in the class, what we are reading and think-
ing about, what happens in your student teaching
experience. Partly, this is to facilitate communication
among students and instructors, to share feelings
about the course and about teaching in general

The diaries provided the student-teachers with a forum for
reflecting on and sharing their own feelings, experiences
and beliefs about mathematics, teaching and learning This
activity provided multi-directional communication—as
the format allowed every student and instructor to com-
municate directly with each other class member—and to
extend the effects of the course beyond the class meetings
Through the diversity of opinions expressed by each indi-
vidual, diaries helped the students to recognize and appre-
ciate the existence of debate and controversy in the areas of
mathematics and education, and to expand their concep-
tion of either discipline.

In a more circumscribed way, [ Feldman gave remedial
college students the task of writing an anecdote about
individual past experiences with mathematics [7] This
proved to be a device that helped some students to realize
the origin or cause of their math anxiety, and constituted
the first step in trying to overcome it

Dialogues

Dialogues have often been used very effectively in the
literature as a means o convey some content, even with
regard to scientific topics [8] There are infact some charac-
teristic elements of dialogues that make this format a very
interesting didactical tool. First of all, the presence of
different characters makes it natural to present and discuss
different points of view, and may also help to show and
analyze contradictions, paradoxes, difficult points in a
topic. Dialogues have also been used to present more “nat-
urally” the process of creating or developing an idea.
Besides, dialogues may be considered one of the easiest
forms of writing (they often constitute the first written
exercise in a foreign language course), and may therefore
present less “writing™ difficulty for the students.

These positive characteristics suggest the opportunity of
involving students in the writing of dialogues, especially in
relations to problem solving activity and class discussions.

For example, writing a dialogue could be an appropriate
way to report on a problem solving activity, as it may help
the writer focus on the process of solving, and therefore
identify and analyze different strategies, blocks, et
Besides helping to reflect “after” the problem is soived on
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the methodology employed and possible alternatives, we
may argue that writing & dialogue to record our attempts
“during the act™ of solving the problem itself may also help
reaching its solution. Recently, one of us has experienced
with surprise the truth of this statement, by writing a
dialogue as a means to solve as well as to report on the
solution of a mathematical problem [Borasi, 1984]

The task of writing a dialogue could also be assigned to
help the students realize the presence of different points of
view even in a precise and rigorous discipline like mathe-
matics The content could again be chosen from philoso-
phical or epistemological issues about mathematics as a
discipline, as well as technical notions, methodologies of
solution and approach, experiences and feelings about
mathematics. ‘

Students might be asked to write dialogues as a means of
reporting 1eal debates or group activities that previously
took place in class, or on the other hand they could be
asked to create imaginary ones. Combinations of these
could also be considered and evaluated.

We cannot report yet of experiences conducted in class
with the writing of dialogues, although we are planning to
do so in the near future.

Conclusions

The ideas and experiences reported in this paper show the
possibility of engaging students in a variety of writing
activities on mathematics-related content. Without having
provided conclusive evidence, we would like at least to
suggest the hypothesis that involving students in different
writing experiences could contribute in a complementary
way to their learning of mathematics. Further research is
needed to determine more precisely why and in what sense
writing is a learning tool, and what is the specific value and
role of the variety of forms that students could employ in
their writing of mathematics.

We would like to propose some observations suggested
by our experiences about the role of writing for the learning
of mathematics, mainly as material for the reader’s reflec-
tions on the subject:

— Writing can give an opportunity to clarify our under-
standing of a concept or topic, as when putting down ideas
on paper, we are faced with them and we are obliged to
recognize their eventual shortcomings. This could provide
a starting point for analyzing what we have not understood
and for trying to work on it

— Wiiting involves an organization of our ideas and
notions about a topic. This may prove to be a difficuit task,
but with a worthwhile pay-off: the realization of relation-
ships and connections existing among the bits and pieces
that we have separately learned.

— The students’ active involvement in the learning pro-
cess could be seen as a merit of wiriting activities over
reading a textbook and doing exercises. Advantages and
disadvantages of writing versus oral discussion as tools of
learning are not so immediately evident. A comparative
analysis of these two activities would probably provide
interesting insight on the educational value of both.

—- Frequently in education, especially in mathematics,



there is a concern for a final draft, a final answer or a final
solution: but thinking and learning are ongoing processes.
By writing something in several drafts we might help or
even “force” the thinking process, allowing us at the same
time to take advantage of some form of feedback (from our
own response, possibly other sources as well). Writing as a
way of thinking and learning may sound almost like a
paradox, closely resembling Meno’s dilemma: [9] how can
we write on something we do not know in advance, or,
alternatively, how can we learn by wiiting something we
already know?

Our experiences suggest the value of a stronger interaction
between mathematics and writing in classroom instruc-
tion, In this paper we have mainly discussed how writing
can have a positive role in the learning of mathematics. On
the other hand, we might argue that choocsing technical
content, such as mathematics, could in some cases be of
help in learning how to write In other words, while writing
can be a tool for learning mathematics, we should also
consider the role that mathematical content can have in
improving writing. Exploring the multiple ways in which
mathematics and writing can interact with each other
could provide valuable information about learning in both
activities.

Notes

[1] This experiment of creating word problems from a given arithmetic
problem was conducted primarily in an adult education setting, at the
Educational Opportunity Center of the State University of New York at
Buffalo, in Fall 1979 and Spring 1980 [Stempien, 1985]

[21 A task of this kind has been given as an optional assignment to
college students in a remedial mathematics course taught by M Stem-
pien at the State University College of New York at Buffalo in summer
1982, The number of responses was too limited to justify reporting the
results of this experience.

[3] The writing of essays on the commutative property was done by
students who were ready to enter a four year college but indicated
weaknesses in reading, writing, and arithmetic (State University College
of New York at Buffalo, summer program, 1983) The students who
wrote essays on De Morgan's L aws were taking a course entitled *“Math
Survey” 1o fulfill a requirement for graduation in a two year college
{Erie Community College, Buffalo N.Y , Fall 1983) Both experiences
are currently being written about. [Stempien, 1984]

[4] R Borasi conducted the experiment as teaching assistant in the
course “Seminar in Number Theory = taught by Stephenr I Brown at
the State University of New York at Buffalo in Spring 1984

[5] In this we agree with the rationale behind Thomas Coconey and
Stephen I Brown’s current project on the beliefs of mathematics
teachers, and the relationship of these beliefs to their teaching, as
described in the proposal. [Cooney, Thomas J and Stephen I Brown

“Conceptual Systems and Decision Makingin Teaching Mathematics
Project Proposal presented to and accepted by the National Science
Foundation, 1981]

[6] In 1973, Stephen I Brown introduced diaries in the course
“Methods for Teaching Secondary School! Mathematics™ regularly
offered at SUNY/Bufifalo in the undergraduate program for obtaining
teaching certification for New York State Other doctoral students,
including the authors. have used diaries in teaching the same course in
following years.

[7] L Feldman taught courses in the University Learning Center at
SUNY/Buffalo in which students were given college credits te improve
their writing, mathematical, and reading skills The experience we are
referring to here occurred in Spring 1983 and Spring 1984

[8] Think, for example, of Galileo’s famous dialogues, Knuth’s
novelette entitled “Surreal Numbers,” or the use of dialogues in Hof-
stadter’s “Godel, Escher and Bach ™

[9] Plato, in his dialogue ‘‘Meno,” stated the following dilemma: “A
man cannot enquire about that which he knows or about that which he
does not know; for if he knows, he has no need to enquire; and if not, he
cannot; for he does not know the very subject about which he is to
enquire.” Petric [1981] has discussed some interesting educational
implications and possible solutions for this dilemma
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